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Preface

The motivation for this book is the desire to perform complete calculations
of cohomology rings in the area called the cohomology of finite groups. The
theories presented here belong to that part of computational algebra known
as noncommutative Gröbner bases. It happens that existing Gröbner basis
methods perform particularly poorly in the conditions imposed by cohomol-
ogy calculations. So new types of Gröbner bases had to be developed, in-
formed by practical computability considerations.

Thanks to the work of J. F. Carlson, one can compute the cohomology
ring of a p-group from a sufficiently large initial segment of the minimal pro-
jective resolution. The first new Gröbner basis theory – for modules over the
modular group algebra – was developed to construct the minimal resolution
as efficiently as possible. In all probability it applies equally well to finite
dimensional basic algebras.

Carlson’s method also needs the ability to manipulate the relations in the
cohomology ring. As such rings are graded commutative rather than strictly
commutative, it was necessary to devise a theory of Gröbner bases for graded
commutative rings. There is more than one way to do this. The Gröbner bases
presented here were designed to resemble the classical commutative case as
closely as possible. Strictly speaking, they are Gröbner bases for right ideals
in a more general type of algebra which is here called a Θ-algebra.

Many cohomology computations have been performed using these meth-
ods. In particular, the essential conjecture of Mui and Marx was shown to
be false. The counterexample is the Sylow 2-subgroup of U3(4), a group of
order 64.
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Introduction

The motivation for this book is the desire to perform complete calculations
of cohomology rings in the cohomology theory of finite groups. The theories
presented here belong to that area of computational algebra known as non-
commutative Gröbner bases. It happens that existing Gröbner basis methods
perform particularly poorly here, and so new types of Gröbner bases had to
be developed, informed by practical computability considerations.

Let p be a prime number, G a finite p-group, and k a field of character-
istic p. We want to determine the mod-p cohomology ring H∗(G, k) for as
many such G as possible. One reason one should want to do this is in order
to develop and test conjectures about the structure of cohomology rings. For
example, in §7.1.3 we shall refute the conjecture of Marx and Mui on the
nilpotency degree of the ideal of essential classes.

One reason for restricting our attention to p-groups is that there are many
methods for determining the mod-p cohomology ring of a finite group from the
cohomology of its p-local subgroups. The first was the stable element method
of [24, XII §10], whereas more recent results have a stronger geometric flavour
[58, 29, 30, 44]. Another reason is that p-groups are well suited to the minimal
resolutions approach described below. This is because there is only one simple
module – the trivial module – and all projective modules are free.

Broadly speaking there are three available approaches for calculating the
cohomology rings of all p-groups of a given size.

1. Calculation by hand
The method of calculation has to be tailored to the individual group
under consideration. Straightforward to write up the calculation so that it
can (in theory) be checked by the mathematical public, but surreptitious
errors can (and do) creep in.

2. Computer calculation using the Eilenberg–Moore spectral sequence
Notably used by Rusin in [57] to determine the cohomology rings of all
51 groups of order 32. Seems not to be suitable for the case p > 2.

3. Computer calculation using sufficiently many terms in the minimal pro-
jective resolution of the kG-module k.
Recent work of Carlson [18] means that one can now detect when enough
terms have been constructed. More recently still Carlson determined the
cohomology rings of all groups of order 64 by this method [19, 20].

D.J. Green: LNM 1828, pp. 1–9, 2003.
c© Springer-Verlag Berlin Heidelberg 2003



2 Introduction

Here we shall adopt the minimal resolutions approach. Following Carlson
[21, 18] this consists of three stages:

1. One constructs the first N terms in the minimal resolution. Choosing N
requires some care.

2. By lifting cocycles to chain maps one computes products and so deter-
mines a partial presentation of the cohomology ring, consisting of gener-
ators and relations in degree at most N .

3. If this presentation passes a series of tests which are described in [18]
then there are no new generators or relations in higher degrees and the
partial presentation of the cohomology ring is complete. If it fails any of
the tests then try again with a larger value of N .
We shall refer to this series of tests as Carlson’s Completeness Criterion.

This book is concerned with the question of how best to put this minimal
resolutions approach into practice. In particular we are interested in efficient
methods for constructing minimal resolutions and for working with presen-
tations of (graded commutative) cohomology rings.

To construct the minimal resolution one needs a highly efficient method
for computing minimal generators for the kernel of a map between free mod-
ules over the modular group algebra kG. A beautifully simple linear algebra
approach is described by Carlson et al. in [21]. This method is easy to program
and is unbeatable for small 2-groups. However as one considers larger and
larger groups, this approach becomes less and less efficient. The attraction of
(noncommutative) Gröbner basis methods is that they allow the computer
to work linearly over the group ring kG, rather than linearly over the ground
field k as in the elementary linear algebra approach. This does of course mean
that the programs take much more work to write, but the space savings for
large groups are considerable (see e.g. Example 0.2 on page 5). The methods
developed here are tailor-made for working with modules over p-groups. Note
that general-purpose noncommutative Gröbner basis methods already exist
for constructing minimal resolutions, even over basic algebras [34, 43]. More-
over there do exist other approaches to the construction of (near-)minimal
projective resolutions over modular group algebras of p-groups [37, 59].

The first part of this book introduces a new kind of Gröbner bases for mod-
ules over p-groups and establishes a new, two-speed version of Bergman’s
Diamond Lemma [12]. A new way to construct minimal projective resolu-
tions is presented which uses these Gröbner bases. A second new kind of
Gröbner bases is introduced in the second part: Gröbner bases for graded
commutative algebras. These make it possible to perform computer calcu-
lations in group cohomology rings at odd primes, for there the cohomology
rings are graded commutative rather than strictly commutative. I have de-
veloped a package called Diag which uses these two kinds of Gröbner bases to
compute cohomology rings. Results obtained with this package are described
in the third part of the book. In particular, the cohomology rings of all 15
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groups of order 81 were computed, and the cohomology ring of the Sylow
2-subgroup of U3(4) was found to contain two essential classes with nonzero
product.

Gröbner bases

There are Gröbner bases for many different kinds of algebras and modules.
Essential components of any Gröbner basis theory are

– A canonical form for elements of the algebra or module, which can be
calculated using a so-called Gröbner basis.

– The Buchberger Algorithm, an algorithm which constructs a Gröbner basis.

Gröbner bases are important because of their applications to computer cal-
culations, for a Gröbner basis allows the computer to work linearly over an
algebra (not just over a field).

Gröbner bases are best known in commutative algebra: textbooks here
include Adams–Loustaunau [1] and Eisenbud [31]. But there are also Gröb-
ner bases in noncommutative algebra. Here we shall introduce Gröbner bases
for modules over the modular group algebra of a p-group and for graded-
commutative algebras.

Gröbner bases for modules over p-groups

In its original form the Diamond Lemma is a result about associative algebras.
Let Λ = k〈a1, . . . , ar〉/(B1 − h1, . . . , Bs − hs) be a presentation of such an
algebra, where each Bi is a monomial. The normal form of an element f ∈
Λ is obtained by repeatedly substituting hi for Bi in a monomial in the
support of f until this is no longer possible. It is assumed that each f is
reduction-finite, i.e., that every such sequence of “reductions” is finite. The
Diamond Lemma then gives conditions under which the normal form of f is
independent of the sequence of reductions employed. If so, the image of f in Λ
is zero if and only if the normal form of f is zero. The generators (Bi−hi)i≤s
of the relations ideal are then said to form a Gröbner basis for Λ.

Bergman’s original paper [12] also sketches the extension of the Diamond
Lemma to Λ-modules. Let M be a submodule of the free right Λ-module
F . Both the relations in Λ and the generators of M give rise to reductions.
However if Λ is the modular group algebra kG of a p-group, or another algebra
of small dimension in which it is easy to calculate, then it is tempting to
assign the relations in Λ a higher priority than the generators of M . This
leads to a two-speed reduction system, and there are many examples where
some elements are only reduction-finite for the two-speed system.

Example 0.1. A presentation of kG = F3C3 ist k[a]/(a3). Let F be the free
kG-module on one generator e and let M be the submodule of F generated



4 Introduction

by ea − ea2. Then ea ∈ M , because ea = (ea − ea2)(1 + a) + ea3. So in a
good reduction system, ea should be reduction-finite with normal form 0.

The two reductions are: substitite 0 for a3, and ea2 for ea. If both reduc-
tions have the same priority then ea is not reduction-finite, for repeatedly
substituting ea2 for ea leads to the sequence

ea �→ ea2 �→ ea3 �→ ea4 �→ · · · .
However if the reduction a3 �→ 0 is given the higher priority then ea3 �→ 0 is
the only allowable reduction of ea3, and so ea �→ ea2 �→ ea3 �→ 0 is the only
allowable sequence of reductions for ea. So ea is reduction-finite with normal
form 0.

The Diamond Lemma for two-speed reduction systems is proved as Theo-
rem 2.12. It is assumed that a negative word ordering is being used, so that
1 is the largest and not the smallest word. A negative word ordering was
tacitly used in the above example, for the module generator was interpreted
as the reduction ea �→ ea2 and not as the reduction ea2 �→ ea. Negative
orderings are unusual for a Gröbner basis theory, as such orderings are not
well-orderings. Bergman’s Diamond Lemma presupposes a well-ordering too.
However the two-speed reduction and the fact that the underlying algebra
is finite-dimensional do in fact allow us to prove the Diamond Lemma for a
negative ordering. And negative orderings have two significant advantages:
they lead to simpler presentations of the group algebra, and they are essential
for the new method for constructing minimal resolutions.

As one would expect there is a Buchberger Algorithm (Algorithm 2.20)
that constructs a Gröbner basis for a given submodule of a free Λ-module
F . Here the two-speed reduction has a significant advantage for computer
calculation: one works throughout with a fixed k-basis of F , namely the basis
EX(F ) of Definition 1.11.

Gröbner bases and minimal resolutions

As G is a p-group and k has characteristic p, there is only one projective
indecomposable kG-module: namely kG itself. This means that minimal res-
olution of the trivial module can be constructed by iterating the following
key task:

Let φ be a kG-linear map between free kG-modules. Determine min-
imal generators for the kernel of φ.

Gröbner basis methods already exist for this key task. For example, C. Feustel,
E. Green and their coworkers have developed a Gröbner basis theory for ba-
sic algebras1 and a method for constructing minimal resolutions using these
Gröbner bases [33, 34].
1 Algebras whose simple modules are all one-dimensional, such as modular group

algebras of p-groups.
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But general Gröbner basis methods have to be applied very carefully if
they are to work for modules over p-groups, for Gröbner bases were pri-
marily developed to be able to work in infinite-dimensional algebras. And
although the methods for basic algebras were of course developed for the
finite-dimensional case, it turns out that group algebras of p-groups are pretty
pathological basic algebras2.

Here we shall use the two-speed Diamond Lemma to derive a new Gröb-
ner basis method for constructing minimal resolutions. As one would expect,
one can use elimination (a variant of the Buchberger Algorithm) to deter-
mine a Gröbner basis for the kernel of a module homorphism. However this
will usually not be a minimal generating set of the kernel. So for the sec-
ond part of the key task we shall derive a second variant of the Buchberger
Algorithm which computes minimal generators of a given submodule M of
a free module F . Here it is essential that the underlying word ordering is
negative, for then it is particularly easy to determine the radical of a module.
This second Buchberger variant calls for another new version of the Diamond
Lemma (Theorem 3.12), which even allows for a three-speed reduction. For
the reductions coming from generators of M have to be split into two classes,
with the reductions coming from elements of the radical receiving the higher
priority.

Example 0.2. Let G be a Sylow 2-subgroup of the sporadic Mathieu group
M24. This G has order 210 and 2-rank 6. The 7th and 8th terms in the
minimal resolution are free of rank 222 and 336 respectively. To calculate
the 9th term one has to determine the kernel of the 8th differential d8. One
possibility would be to construct the matrix of d8 over k and take its null
space. This matrix requires

222 × 336 × 220 entries = 9, 11 GB.

The matrix is neither sparse nor are any other structural properties known
that could allow us to compress it significantly.

The new Gröbner basis method was used to construct the minimal resolu-
tion out to the 9th term. The 9th term is free of rank 485. The Gröbner basis
used in the elimination requires 130 MB and the Gröbner basis for minimal
generators requires 124 MB. The 9th differential d9 requires 20 MB. Comput-
ing d9 from d8 took 6 days 18 hours.

Growth rate of minimal resolutions

Let G be a p-group of p-rank r. That is, the largest elementary abelian
subgroups of G have order pr. Each term in the minimal projective resolution
of k over kG is a free module, and one knows (see [6, §5.3]) that the rank of this
2 There is only one simple module, and there are very long paths in the path

algebra whose images in the basic algebra are nonzero.
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free module grows as a polynomial of degree r−1. Turning now to the problem
of constructing enough terms in the minimal resolution (enough in the sense
of Carlson’s Completeness Criterion), one sees that the complexity increases
very quickly when the size of the groups under investigation increases. For
the dimension of the group algebra (the unit in terms of which the above
growth rate is measured) increases by a factor of p, and typically both r and
the number of terms that counts as enough increases. For odd primes the
situation is even worse than for 2-groups: the dimension of the group algebra
increases much faster, and many more terms in the minimal resolution are
required.

Example 0.3. Consider the extraspecial p-group G = p1+2
+ of order p3. For

p = 2 this is the dihedral group D8, whereas for p odd it has exponent p.
For p = 2, the presentation of the cohomology ring attains completeness
in degree 2, and Carlson’s criterion detects this in degree 4. For p = 3,
completeness is attained in degree 6 and detected in degree 8. For p ≥ 5,
there is a relation in degree 4p− 3 (see [46]).

Gröbner bases for graded-commutative algebras

A Gröbner basis theory for graded-commutative algebras is set up in Chap. 4,
since it appears this has not been done before. The computer needs this kind
of Gröbner basis to be able to work in graded-commutative algebras, such as
cohomology rings in odd characteristic.

Here there is more than one possible theory of Gröbner bases. If y is an
odd-dimensional element of a graded-commutative algebra A then the rela-
tion y2 = 0 holds automatically in A. The theory developed here was chosen
to treat these “structural” relations as far as possible like ordinary relations,
and to resemble the classical commutative case as closely as possible. Such a
theory is indeed possible, in spite of some difficulties (see cautionary Exam-
ple 4.33).

Cohomology rings of p-groups

Cohomology of finite groups is an area that lies at the intersection of several
branches of mathematics. Here algebraic topology, group theory and modular
representation theory all meet. Modern texts include Evens’ book [32] and
Benson’s book [6].

Cohomology rings of p-groups play a significant role as they are the
“atoms” of cohomology theory3. One way to see this is to consider modular
representation theory. The representation theory of a group is determined by
the simple modules together with the various ways of putting simple modules
3 In the sense that they cannot be simplified any further
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together to form an indecomposable module. The cohomology of the group
describes – admittedly in coded form – the ways to put modules together.
Now for p-groups there is only one simple module and this is trivial. Hence
the representation theory just concerns the ways to stick trivial modules to-
gether: that is, the cohomology.

Methods for calculating cohomology

Several elegant local methods for determining the cohomology ring have been
developed over the last fifteen years [58, 29, 30, 44]. But it is in the nature of
a local method that it says nothing about the case of a p-group and rather
assumes that the cohomology rings of the p-local subgroups are known. For a
long time spectral sequences were the only way to calculate the cohomology
ring of a p-group. But spectral sequences are not suitable for computing the
cohomology rings of all p-groups of a given order, Rusin’s notable success [57]
with the groups of order 32 notwithstanding. For even to compute the coho-
mology rings of all groups of order 53 one has to use methods that are tailored
to the particular group under consideration and are sometimes indirect (see
Leary’s paper [46]). For many groups of order p4 or p5 the spectral sequences
are still unsolved or only partially solved.

The article [18] by J. F. Carlson is a turning point, for it describes a
method for the systematic computer calculation of group cohomology. To be
more precise, an old method is made computationally feasible for the first
time. Carlson shows how to compute the cohomology ring of an arbitrary
p-group given sufficiently many terms in the minimal projective resolution of
the trivial module.

On the one hand this method may be called old, for the algebraic defini-
tion of the cohomology ring is based on a projective resolution of the trivial
module. However only the cohomology rings of the cyclic groups were com-
puted in this way, for the minimal resolution of such a group is periodic and
can therefore be described completely in finite time. But for an arbitrary
p-group one can only hope to construct finitely many terms in the minimal
resolution. Admittedly cohomology rings are finitely presented, and one may
compute the product structure out to degree N given the minimal resolution
out to the Nth term. But previously there was no method to decide whether
all generators and relations had been found, or whether there were new gen-
erators and/or relations in higher degrees. No (useable) degree bounds are
known.

What is new in Carlson’s method is a criterion that allows us to conclude
that the generators and relations out to degree N do give us a complete
presentation of the cohomology ring. Recently Carlson finished computing
the cohomology rings of all groups of order 64 using this method. It is not
yet proven that this method works for all p-groups. More precisely, there could
conceivably be groups G for which the Carlson’s Completeness Criterion is
never satisfied, no matter how large an N one takes. But the criterion is a
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sufficient condition: if it is satisfied, then the presentation has been proved
to be complete.
Summing up, Carlson’s Completeness Criterion opens up the minimal reso-
lution as a way to compute the cohomology ring.

Implementation

The method for constructing minimal resolutions was implemented in the C
programming language, using the library of the package “C MeatAxe” [56]
to work with vectors over Fp. Moreover a Gröbner basis implementation of
Carlson’s method for computing cohomology rings was developed, again in C.
The computer algebra system GAP [36] was used to assemble the necessary
facts about the group and its subgroup structure. The package is called Diag.
I am going to create a revised and documented version for public release,
but in the meantime interested persons are welcome to contact me at email
address green@math.uni-wuppertal.de for a copy of the current (unpolished)
version.

Experimental results

To date the applications have been in two areas:

– Computing cohomology rings of small p-groups.
– Constructing as many terms as possible in the minimal resolution for larger
p-groups.

All big computations were performed on Jon F. Carlson’s computer toui, a
Sun ULTRA 60 Elite 3D.

Additionally the exact period of one periodic module was calculated to
give a taste of another area where the package could be used.

Small groups

To date the main results are:

– The cohomology rings of all 15 groups of order 81 = 34.
– The cohomology rings of 14 of the 15 groups of order 625 = 54.
– The cohomology ring of the Sylow 2-subgroup of U3(4), a group of order

64 = 26. For the first time two essential classes with nonzero product were
found in a group cohomology ring.

– The cohomology ring of a certain group of order 243 = 35. This ring has
Krull dimension 3 and depth 1. This is the first completely calculated case
at an odd prime where the dimension exceeds the depth by at least two.
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These cohomology rings and more are available on the World Wide Web at
the following address:

http://www.math.uni-wuppertal.de/˜green/Coho/index.html

Minimal resolutions

Three groups of order 29 or 210 were studied which arise as Sylow 2-subgroups
of sporadic finite simple groups.

– The Sylow 2-subgroup of the Higman–Sims group HS has order 29. The
resolution was computed out to the 14th term.

– The Sylow 2-subgroup of the Conway group Co3 has order 210. The reso-
lution was computed out to the 10th term.

– The Sylow 2-subgroup of the Mathieu group M24 has order 210. The reso-
lution was computed out to the 9th term.

Structure of this book

The new two-speed version of Bergman’s Diamond Lemma is demonstrated
in Chap. 2. Prior to this the preferred basis EX of a free kG-module is defined
in Chap. 1 and negative word orderings are discussed. Then in Chap. 3 the
variants of the Buchberger Algorithm are derived which lead to the method
for constructing minimal resolutions.

The second part of the book is concerned with computing the cohomol-
ogy ring from the miminal resolution. For this Gröbner bases for graded-
commutative algebras are required, so they are introduced in Chap. 4.

Chap. 5 describes how to determine all generators and relations of the
cohomology ring out to degree N given the first N terms of the minimal
resolution. The methods are due to Carlson, but one has to consider how
to carry them out using Gröbner bases. In order to keep the Gröbner basis
of the relations ideal as small as possible, the monomial ordering and the
method for choosing new generators are designed to work very closely to-
gether. Then Carlson’s Completeness Criterion is recalled in Chap. 6 and its
implementation is discussed briefly.

Finally Chap. 7 describes the results achieved to date with the package
Diag. For space reasons the computed cohomology rings are not printed in
full here. Instead they are available on the World Wide Web at the above
address. Some salient samples are printed in the appendix.

Notation

Let p be a prime number and G a finite p-group. Cohomology groups Hn(G)
and cohomology rings H∗(G) are always with coefficients in a field k of char-
acteristic p.



1 Bases for finite-dimensional algebras and
modules

Let G be a p-group and k a field of characteristic p. In the next chapter we
shall construct a new kind of Gröbner bases for kG-modules. A prerequisite is
that each free kG-module be assigned a preferred k-basis with certain proper-
ties. Calculations with the new Gröbner bases are performed by manipulating
coordinate vectors with respect to the preferred k-basis.

This is unusual for Gröbner bases and simultaneously very interesting for
computer calculations. For the space required to store a coordinate vector is
known in advance and does not depend on its value. By contrast, Gröbner
basis methods usually involve manipulating elements of a free k-algebra, and
the space required to store such an element does of course depend on its value.
There is a good reason for this: Gröbner bases were originally developed to
perform calculations in infinite-dimensional algebras and their uses in the
finite-dimensional case were only recognised later.

In this chapter each free kG-module F is assigned a preferred k-basis EX(F ).
The most important case is the preferred k-basis NX of the group algebra kG.

One k-basis for the group algebra is already known, namely the elements
of the group. But as we want to work with projective resolutions it is better
to choose a basis which contains a basis of the radical rad(kG). And since
we want to work with Gröbner bases the preferred k-basis should be the set
of the irreducible words for a presentation of the group and a suitable word
ordering.

This word ordering need not be a well-ordering, despite the fact that this
is usually necessary when working with Gröbner bases. For elements of the
preferred basis can be multiplied using the group multiplication instead of by
reduction over a Gröbner basis. So we may also use negative1 word orderings,
where the trivial word is the largest word. In fact the method used in Chap. 3
to determine minimal generators for a module only works for a negative word
ordering.

Useable word orderings are introduced in Sect. 1.1 and the preferred k-basis
NX of the group algebra kG is defined. This depends on the chosen presenta-
tion of the group and on the useable ordering. The preferred k-basis EX(F ) of
a free kG-module F is defined in Sect. 1.2. Then we discuss in Sect. 1.3 and
1 In the sense of Mora [50]
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Sect. 1.4 how to determine the preferred k-basis NX and how to multiply
elements of this basis.

The package Diag only uses the useable ordering ≤RLL of Example 1.3.
In Sect. 1.5 another useable ordering is presented which is constructed using
the Jennings series of the group and which has certain interesting properties.

1.1 Finite-dimensional algebras

Definition 1.1. Let X be a finite set. A useable ordering on the free monoid
〈X〉 is a total ordering ≤ satisfying:

1. If u,w1, w2, v ∈ 〈X〉 are words and w1 ≤ w2 then uw1v ≤ uw2v.
2. The set {v ∈ 〈X〉 | v ≥ w} is finite for each w ∈ 〈X〉.

Remark 1.2. Then 1 is the greatest element of 〈X〉, and 〈X〉 contains no
infinite strictly decreasing sequences which are bounded below. So useable
orderings are negative word orderings in the sense of Mora [50].

Example 1.3. (The reverse length-lexicographical ordering ≤RLL)
An ordering on X induces a lexicographical ordering ≤lex on 〈X〉. Denote by
	(w) the length of a word w ∈ 〈X〉. The ordering ≤RLL on 〈X〉 is defined by

u ≤RLL v ⇐⇒ 	(u) > 	(v), or 	(u) = 	(v) and u ≥lex v

for all u, v ∈ 〈X〉. This is the ordering used in the package Diag. It is useable.

Example 1.4. Suppose that ≤′ is an ordering on 〈X〉 respecting multiplica-
tion; and each x ∈ X has been assigned a positive integer as its dimension,
inducing a dimension dim(w) ≥ 0 for each w ∈ 〈X〉. Define an ordering ≤ on
〈X〉 thus:

u ≤ v ⇐⇒ dim(u) > dim(v), or dim(u) = dim(v) and u ≤′ v

for all u, v ∈ 〈X〉. This is a useable ordering on 〈X〉.
The ordering ≤RLL is of this kind: ≤′ is the reverse lexicographical order-

ing and dimension coincides with length. In Sect. 1.5 we shall meet another
ordering of this kind, but where some x ∈ 〈X〉 have dimension greater than
one.

Hypothesis 1.5. Let k be a field of characteristic p. Let Λ be a finite-
dimensional k-algebra (associative with one) satisfying Λ/rad(Λ) ∼= k. Sup-

pose we are given a presentation 0 → I −→ k〈X〉 φ−→ Λ → 0 of Λ with the
following properties: The set X is finite and the two-sided ideal J ⊆ k〈X〉
generated by X is the inverse image of rad(Λ). Suppose further a useable
ordering has been chosen on 〈X〉.
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Example 1.6. The case that we will consider in the later chapters is as follows:
Let G be a finite p-group and g1, . . . , gm minimal generators for G. Then the
group algebra Λ := kG satisfies Hypothesis 1.5, where X := {a1, . . . , am} and

– The epimorphism φ: k〈X〉 → kG maps ai to gi − 1;
– The ordering on 〈X〉 is the reverse length-lexicographical ordering ≤RLL.

(Or more generally, any ordering from Example 1.4.)

Remark 1.7. Assuming Hypothesis 1.5, Nakayama’s Lemma says there is an
nI ≥ 1 satisfying JnI ⊆ I ⊆ J .

If A is an ordered set then every nonzero f ∈ kA has a leading monomial
LM (f) := max supp(f). Write LC (f) for the leading coefficient and LT (f)
for the leading term LT (f) = LC (f)LM (f). Finally, for a subset T of kA set

LM (T ) := {LM (f) | f ∈ T \ {0}} .
Lemma-Definition 1.8. Assume Hypothesis 1.5. Define a subset NX ⊆
〈X〉 by NX := 〈X〉 \LM (I). Then NX is finite and the map kNX ↪→ k〈X〉 �
Λ is an isomorphism of k-vector spaces.

Write N for the k-linear map k〈X〉 → Λ
∼=−→ kNX and ∗ for the map

kNX×kNX → kNX induced by the multiplication of Λ. Then A∗B = N (AB)
for A,B ∈ kNX, where AB denotes the product in k〈X〉.
Proof. Write φ for the quotient map k〈X〉 � Λ and let nI be as in Re-
mark 1.7. Then the subset U of 〈X〉 defined by U := {w ∈ 〈X〉 | 	(W ) < nI}
is finite, and φ(w) = 0 for every w ∈ 〈X〉 − U . Since NX is clearly a subset
of U , it is finite.

For v ∈ 〈X〉 set 〈X〉v := {w ∈ 〈X〉 | w < v} and Uv := U ∩ 〈X〉v.
Hence φ(k〈X〉v) = φ(kUv) for each v ∈ 〈X〉. So as NX = {w ∈ 〈X〉 |
φ(w) �∈ φ(k〈X〉w)} one has NX = {u ∈ U | φ(u) �∈ φ(kUu)}. Since U satisfies
φ(kU) = φ(k〈X〉) and is finite, the family (φ(w))w∈NX is indeed a k-basis
for Λ. ��
Example 1.9. Let G be the dihedral group D8 = 〈A,B | A2, B2, (AB)4〉 and
k the field F2. Then A,B are minimal generators for G, and the corresponding
presentation for kG is kG ∼= k〈a, b〉/(a2, b2, abab + baba), where a maps to
A+1 and b to B+1. In the ordering ≤RLL one has 1 > a > b > a2 > ab > ba >
b2 > a3 > · · ·. The preferred basis NX is {1, a, b, ab, ba, aba, bab, baba}. The
smallest generating set of the two-sided ideal LM (I) ⊆ 〈X〉 is {a2, b2, abab}.
Here are two examples of ∗-products: a ∗ (a+ b) = N (a2 + ab) = ab and

baba ∗ b = N (baba.b) = N (b.abab) = N (b2aba) = 0 .

Lemma 1.10. Assume Hypothesis 1.5. Denote by S the smallest generating
set of the right ideal LM (I) in 〈X〉, and let nI be as in Remark 1.7. Then S
is finite and ∑

σ∈S
(σ − N (σ))k〈X〉 + JnI = I .
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Proof. S is finite because NX is. Denote by U the set

U := {w ∈ 〈X〉 | There is v ∈ 〈X〉 with 	(v) < nI and v ≤ w} .

This is a finite set by the definition of useable ordering. Now let f be an
element of I. By repeatedly subtracting expressions of the form λ(σ−N (σ))w
with λ ∈ k∗, σ ∈ S and w ∈ 〈X〉 one arrives at either f = 0 or LM (f) �∈ U .
But then supp(f) ∩ U = ∅ and so f ∈ JnI . ��

1.2 Free right modules

Let F :=
⊕m

i=1 eiΛ be a free right Λ-module.

Definition 1.11. Set E(F ) := {eiw | 1 ≤ i ≤ m, w ∈ 〈X〉} and define the
preferred k-basis EX(F ) of F by EX := {eiw ∈ E | w ∈ NX}. Define maps
w:E → 〈X〉 and ν:E → {e1, . . . , em} by w(eiw) := w and ν(eiw) := ei.

Definition 1.12. An ordering on E(F ) is called useable if for all A,A1, A2
in E and B,B1, B2 in 〈X〉 one has:

1. If ν(A1) = ν(A2) then: A1 ≤ A2 ⇐⇒ w(A1) ≤ w(A2).
2. If A1 ≤ A2 then A1B ≤ A2B.
3. If B1 ≤ B2 then AB1 ≤ AB2 (follows from 1).

Example 1.13. Order 〈X〉 with the ordering ≤RLL and order {e1, . . . em} by
ei ≤ ej ⇐⇒ i ≤ j. Then we may order E as follows: A1 < A2 if and only if

– 	(w(A1)) > 	(w(A2)); or
– Same length, and ν(A1) < ν(A2); or
– Same length, ν(A1) = ν(A2), and w(A1) >lex w(A2).

Then ≤ is a useable ordering on E which is compatible with the ordering
≤RLL on 〈X〉. This is the ordering on E used in the package Diag.

Example 1.14. For m = 2 there is exactly one useable ordering which satisfies
e1B1 > e2B2 for all B1, B2 ∈ 〈X〉 and is compatible with ≤RLL on 〈X〉. This
is an example of the elimination ordering we shall use later in Sect. 3.1.

Remark 1.15. Each (non-empty) subset of 〈X〉 has a largest element, and
so each (non-empty) subset of E has a largest element too. In particular,
max(E) is one of the ei.

By setting N (eiw) := eiN (w) we extend N to a k-linear map kE → kEX

satisfying A ∗B = N (AB) for all A ∈ kEX and B ∈ kNX. Here, ∗ stands for
the right Λ-action on F .
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1.3 Implementation

Let g1, . . . , gm be minimal generators of the p-group G. As in Example 1.6
we may present kG as k〈X〉/I, where X = {a1, . . . , am} and ai is mapped to
gi − 1.

The group algebra can be represented on the computer as kNX together
with the ∗-product. This representation is computed and stored as follows:

– The regular permutation representation of G:
The group G may be specified as a permutation group or via a Power-
Conjugate presentation. First one numbers the elements of G. This realises
the regular permutation representation of G as a concrete embedding G �
S|G|. The permutations in S|G| corresponding to g1, . . . , gm are stored, in
the .reg file. From now on, this list of permutations is the definition of G.

– List the words in NX:
We wrote φ for the epimorphism k〈X〉 → kG. The regular representation
allows one to calculate the image φ(f) ∈ kG ∼= k|G| of any f ∈ k〈X〉. Also,
one can compute the radical of any given ideal in kG.
For a length r word u ∈ 〈X〉 set Pu := {v ∈ 〈X〉 | 	(v) = r and v ≤RLL u}.
Then u ∈ NX if and only if φ(u) is linearly independent of φ(Pv) and
radr+1(kG). The set NX is stored as a list of words in the ai, in decreasing
order (.nontips file).

– The ∗-product on kNX:
We now have two k-bases for kG, namely G and φ(NX). Both basis change
matrices are computed and stored (.bch file).
For each i one first determines the matrix for right multiplication by φ(ai)
in kG with respect to the basis G. By change of basis one then obtains the
matrix for right ∗-multiplication by ai with respect to the basis NX. These
matrices are stored (.gens file) and then used to compute the matrices for
left ∗-multiplication by each ai (.lgens file).

1.4 The matrix of a general element

Let f be an arbitrary element of the group algebra kG, let Rf : kG → kG
denote the right action h �→ h∗f , and Lf : kG → kG the left action h �→ f ∗h.
We shall now see how to determine the matrix of Lf with respect to the
basis NX using the (previously computed) matrices of the Ra for a ∈ X.
Similarly one can calculate the matrix of Rf using the matrices of the La for
a ∈ X.

These matrices are needed when one has to compose two maps of free kG-
modules. For this means multiplying two matrices with entries in kG, and
that involves multiplying arbitrary elements of kG. But if f, h are elements
of kG then f ∗ h = Lf (h) = Rh(f).

So let f be an element of kG and b an element of NX. If b is 1 then
Lf (b) = f ∗ 1 = f . If it is not, then there are b′ ∈ NX and a ∈ X satisfying
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b = b′.a, and so Lf (b) = f ∗ (b′.a) = (f ∗ b′) ∗ a = Ra(Lf (b′)). Since Ra
is known by assumption, we may calculate Lf (b) given Lf (b′). So we may
compute the matrix of Lf by induction on the length of b.

1.5 The Jennings ordering

In this section a useable ordering is constructed which has some interesting
properties (see Proposition 1.22). Power-Conjugate presentations are impor-
tant when working with p-groups on the computer. Jennings presentations
and the Jennings ordering result on translating these methods from groups
to group algebras. However this ordering is not currently used in the package
Diag, as an efficient method for storing products during reduction in the Buch-
berger algorithm is lacking. A good storage method for the ordering ≤RLL is
described in Sect. 2.3.

For r ≥ 1 the rth dimension subgroup Fr(G) of a finite p-group G is defined
by

Fr(G) := {g ∈ G | g − 1 ∈ radr(kG)} .
Clearly F1 = G and Fr+1 ≤ Fr. Amongst others, the following properties of
dimension subgroups are proved in [5, §3.14].

Proposition 1.16. Let G be a finite p-group. The Fr(G) form a decreasing
central series. If r is large enough then Fr = 1. Moreover, [Fr, Fs] ≤ Fr+s
and {gp | g ∈ Fr} ⊆ Fpr for all r, s ≥ 1. ��
Note however that Fr+1 can be equal to Fr without Fr being trivial. For
example, if G is cyclic of order nine then F2 and F3 are both cyclic of order
three.

Definition 1.17. Let G be a group of order pn. A system of Jennings PC-
generators for G consists of elements g1, . . . , gn of G satisfying:

– If gi ∈ Fr then gi+1 ∈ Fr.
– The gi with gi ∈ Fr − Fr+1 are minimal generators for Fr/Fr+1.

Jennings PC-generators do indeed lead to a polycyclic presentation for G:

Lemma 1.18. Let g1, . . . , gn be Jennings PC-generators for G. Then gpi lies
in 〈gi+1, . . . , gn〉 for all 1 ≤ i ≤ n and [gi, gj ] ∈ 〈gj+1 . . . , gn〉 for all 1 ≤ i <
j ≤ n.

Proof. A consequence of Proposition 1.16. ��
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Example 1.19. Let G = 〈a, b, c, φ〉 be the following semidirect product of
order 32: The subgroup 〈a, b, c〉 is normal, and elementary abelian of order 8.
The element φ has order 4, and its left conjugation action is a �→ b �→ c �→ abc.

Then F2 = 〈ab, ac, φ2〉 and F3 = 〈ac〉. These are both elementary abelian.
A system of Jennings PC-generators for G is a, φ, ab, φ2, ac.

The last three of these generators are Jennings PC-generators for F2.
Another system of Jennings PC-generators for F2 is ab, bc, φ2, but note that
[φ, bc] = ac and therefore this system cannot be extended to Jennings PC-
generators for G.

Definition 1.20. Let g1, . . . , gn be Jennings PC-generators for a p-group G.

1. Set X = {a1, . . . , an} and define an algebra epimorphism φ: k〈X〉 → kG
by ai �→ gi − 1. Set I = Ker(φ). Call k〈X〉/I a Jennings presentation
for kG.

2. Assign ai dimension r if gi ∈ Fr − Fr+1, so if φ(ai) ∈ radr(kG) −
radr+1(kG). So for each w ∈ 〈X〉 the dimension dim(w) is at least as
big as the length 	(w). Ordering X by a1 < a2 < · · · < an induces an
ordering ≤lex on 〈X〉. The Jennings ordering ≤J on 〈X〉 is defined as
follows:

u ≤J v :⇐⇒ dim(u) > dim(v), or
same dimension, and 	(u) < 	(v), or
same dimension, same length, and u ≥lex v.

Remark 1.21. The Jennings ordering is a useable ordering and belongs to the
family of orderings constructed in Example 1.4. Together with its Jennings
ordering, a Jennings presentation satisfies Hypothesis 1.5 for Λ = kG.

One advantage of the Jennings ordering is that the ideal LM (I) in 〈X〉 is
particularly easy to determine:

Proposition 1.22. Let g1, . . . , gn be a system of Jennings PC-generators
for a p-group G, and kG ∼= k〈X〉/I the corresponding Jennings presentation.
Then

1. The minimal generators of the two-sided ideal LM (I) in 〈X〉 are the
words api for 1 ≤ i ≤ n and aiaj for 1 ≤ i < j ≤ n.

2. NX consists of the words aen
n a

en−1
n−1 . . . a

e1
1 with 0 ≤ ei ≤ p− 1.

3. The set {φ(w) | w ∈ NX and dim(w) = r} is a k-basis for a complement
of the subspace radr+1(kG) in radr(kG).

Proof. We shall show that the words api and aiaj (in the latter case for i < j)
lie in LM (I). The first two parts then follow immediately. Part 3. follows
from 2. and Jennings’ Theorem (Theorem 3.14.6 in [5]).

If dim(ai) = r then φ(api ) lies in kFpr, which is generated by the φ(aj)
with dim(aj) ≥ pr. So there is an f ∈ k〈X〉 such that api − f ∈ I and each
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w ∈ supp(f) satisfies either dim(w) > pr or 	(w) = 1. Since api has length p,
one has api = LM (api − f).

For i < j set s := dim(ai), t := dim(aj) and c := [gi, gj ], whence c ∈ Fs+t.
Once more there is an f ∈ k〈X〉 such that φ(f) = c−1 and every w ∈ supp(f)
satisfies w < ajai < aiaj . Then aiaj − ajai − f − faj − fai − fajai lies in I
and has leading monomial aiaj , because gigj = cgjgi. ��
Example 1.23. Let G be the cyclic group of order four. A system of Jennings
PC-generators for G is g, h with g2 = h and h2 = [g, h] = 1. The corre-
sponding Jennings presentation for F2G is F2〈a, b〉/(a2 + b, ab+ ba, b2), with
dim(a) = 1 and dim(b) = 2. The k-basis NX is {1, a, b, ba}. In the Jennings
ordering

1 > a > a2 > b > ab > ba > a4 > a2b > ba2 > b2 .

Remark 1.24. If G is not elementary abelian, then Jennings PC-generators
forG cannot be minimal generators and so there are relations in kG ∼= k〈X〉/I
which involve length one words. However the Jennings ordering ensures that
each word in LM (I) has length at least two.



2 The Buchberger Algorithm for modules

Let F be a free kG-module for a p-group G. In this chapter we derive a version
of the Buchberger Algorithm which constructs Gröbner bases for submodules
of F . Bergman’s Diamond Lemma [12] is the template for the definitions and
proofs of this chapter. In the next chapter we shall derive two variants of the
Buchberger Algorithm which can be used to construct minimal projective
resolutions.

There is a Diamond Lemma for modules in Bergman’s paper [12, §9.5]. We
shall here derive a new Diamond Lemma for modules which works throughout
with a fixed k-basis for F , a fact which has considerable benefits for com-
puter calculations. The new Diamond Lemma works by dividing Bergman’s
elementary reductions into two classes and only applying second class reduc-
tions to elements which are irreducible for the first class. The fixed k-basis
for F is the basis EX(F ) of Chapter 1.

Here is a simple example of a two-speed reduction system:

Example 2.1. Set Λ := F2〈a〉/I, where I is the two-sided ideal generated by
a+ a2 and a3. Clearly I = (a).

We interpret the generators of I as a reduction system with two elemen-
tary reductions: r1 replaces a by a2, and r2 replaces a3 by 0. Then a is not
reduction-finite, for the rule “always apply r1 to the first factor” leads to

a �→ a2 �→ a3 �→ a4 �→ · · · .

By contrast if we declare r2 to be first- and r1 to be second-class then r2
will always be used wherever possible. For example, we are forced to replace
a3 by 0 and may no longer apply r1 to the first factor. So now every element
of F2〈a〉 is reduction-finite.

The core of this chapter is the Diamond Lemma for a two-speed reduction
system (Theorem 2.12 in Section 2.1). This is used in Section 2.2 to derive the
Buchberger Algorithm and in Section 2.3 we discuss implementation issues
for this algorithm.

D.J. Green: LNM 1828, pp. 21–32, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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2.1 The Diamond Lemma for modules

We shall assume Condition 1.5 throughout, so Λ is a finite-dimensional k-
algebra. As in §1.2 suppose further we are given a free right Λ-module F =⊕m

i=1 eiΛ and a useable ordering ≤ on E(F ).

2.1.1 Reduction systems

Definition 2.2. Let M ⊆ F be a submodule. A reduction system for M is a
family fT = (fτ )τ∈T satisfying

1. Each fτ is an element of kEX \ {0}
2. LC (fτ ) = 1 for all τ ∈ T
3. Each fτ lies in M .

Each fτ may therefore be written as LM (fτ ) − hτ , where hτ ∈ kEX and
A < LM (fτ ) for each A ∈ supp(hτ ).

Definition 2.3. Call

RS(fT ) := {(τ,B) ∈ T ×NX | LM (fτ )B ∈ EX}
the set of of T -reduction sites. To each such site (τ,B) associate an ele-
mentary T -reduction rτB :F → F , defined as the following k-linear map:
rτB(A) = hτ ∗B for A = LM (fτ )B and rτB(A) = A for A ∈ EX otherwise.
For B = 1 abbreviate rτ1 to rτ . A composition of finitely many elementary
T -reductions shall be called a T -reduction.

So rτB(y) − y is a scalar multiple of fτ ∗ B for each y ∈ F . It follows that
r(y) − y ∈ M for every T -reduction r.

Definition 2.4. Let y be an element of F .

1. y is irreducible if r(y) = y for every T -reduction r. Denote by Firr the
k-vector subspace of irreducibles.

2. y is reduction-finite if the sequence (riri−1 · · · r1(y)) is eventually constant
for each sequence (ri) of elementary reductions. If y is reduction-finite
there are T -reductions r such that r(y) is irreducible.

3. y is reduction-unique if it is reduction-finite and there is precisely one
z ∈ Firr such that there are T -reductions r satisfying r(y) = z. This
element z is then denoted rT (y).

Lemma 2.5. Every element of F is reduction-finite.

Proof. As EX is an ordered finite set we may order its power set. This or-
dering is induced by the lexicographical ordering on the free monoid 〈EX〉,
for we may view the power set of EX as a subset of 〈EX〉: one turns subsets
into words by writing down the elements of the subset in descending order.
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Now let r = rτB be an elementary T -reduction. Then every element A of
the support of hτ is smaller than LM (fτ ) and so AB < LM (fτ )B. Moreover
each element of the support of A ∗ B is at most AB. So supp r(y) ≤ supp y,
with equality if and only if r(y) = y. As the power set is finite, the support
can only get smaller finitely many times. ��
Lemma 2.6. (Compare Lemma 1.1(i) in [12].) The reduction-unique ele-
ments of F form a k-vector subspace, and the map rT from this subspace
to Firr is k-linear.

Proof. Let y, z ∈ F be reduction-unique, let λ, µ ∈ k, and let r be a T -
reduction such that r(λy + µz) lies in Firr. Then there are reductions r′, r′′

such that r′r(y) = rT (y) and r′′r′r(z) = rT (z). Therefore r(λy + µz) =
r′′r′r(λy + µz), which is just λrT (y) + µrT (z). ��

2.1.2 Ambiguities and the Diamond Lemma

Definition 2.7. 1. As in Lemma 1.10 denote by S the smallest generating
set of LM (I) as a right ideal in 〈X〉. For σ ∈ S set hσ := N (σ) ∈ kNX.

2. Write MT for
∑
τ∈T fτ ∗ kNX, the Λ-submodule of M generated by fT .

For A ∈ E let TA be the k-vector subspace of M spanned by

{fτ ∗B | τ ∈ T , B ∈ NX and LM (fτ )B < A} .
Hence each TA is a Λ-submodule of MT .

Definition 2.8. Recall from Definition 1.11 that each A ∈ EX is of the form
A = eiw, where w ∈ NX and ei is a free generator of F . We wrote w(A) := w.

1. An inclusion ambiguity is a 4-tuple (τ, t, A,B), where
– τ, t are distinct elements of T ;
– B lies in NX and A,AB in EX;
– LM (fτ ) = A and LM (ft) = AB.
The ambiguity is called resolvable if there is a T -reduction r satisfying
r(ft − fτ ∗ B) = 0. It is resolvable relative to ≤ if the S-polynomial
ft − fτ ∗B lies in TAB.

2. A toppling consists of a 4-tuple (τ, σ,A,B), where
– τ lies in T and σ in S;
– B lies in NX and A in EX;
– LM (fτ ) = A, σ = w(A)B and w(A) �= 1.
The toppling is resolvable if there is a T -reduction r satisfying r(fτ ∗B) =
0. It is resolvable relative to ≤ if the S-polynomial fτ ∗ B lies in TAB.
This toppling is called a toppling for τ .

Remark 2.9. Inclusion ambiguities are true ambiguities, for rτB and rt are
two distinct elementary T -reductions which alter AB. In contrast, topplings
may be modelled on Bergman’s overlap ambiguities, but they are not really
ambiguities. This is because there is no elementary T -reduction rτB . Rather,
one has to replace AB by A ∗B before one is allowed to apply T -reductions.
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Remark 2.10. If (τ, σ,A,B) and (τ ′, σ′, A′, B′) are two distinct topplings then
A′B′ is not divisible by AB.

Example 2.11. Let G be the dihedral group D8 and F the free right kG-
module on one generator e. Recall (Example 1.9) that k〈a, b〉/(a2, b2, abab+
baba) is a presentation of kG. Setting fτ1 := eaba + ebab and T := {τ1}
yields a reduction system fT without inclusion ambiguities. The set S has
nine elements:

σ1 σ2 σ3 σ4 σ5 σ6 σ7 σ8 σ9

σ a2 b2 ab2 ba2 aba2 abab bab2 baba2 babab
hσ 0 0 0 0 0 baba 0 0 0

The topplings are (τ1, σ5, eaba, a) and (τ1, σ6, eaba, b) with S-polynomials fτ1∗
a = ebaba and fτ1 ∗ b = ebaba respectively. But (τ1, σ6, eaba, bab) is not a
toppling, even though eaba.bab = e.abab.ab = eab.abab.

Theorem 2.12 (Diamond Lemma). (Compare Theorem 1.2 of [12].)
Let fT = (fτ )τ∈T be a reduction system for the submodule M of the right
Λ-module F . Then the following are equivalent:

(a) All ambiguities (including topplings) are resolvable.
(a′) All ambiguities (including topplings) are resolvable relative to ≤.
(b) All elements of F are reduction-unique and moreover

rT (r(a) ∗ b) = rT (a ∗ b)

for all a ∈ kEX, b ∈ kNX and all T -reductions r.
(c) The irreducible A ∈ EX constitute a k-basis for the quotient module

F/MT .

If these statements hold then we may identify F/MT with the k-vector space
Firr. For a ∈ Firr and b ∈ kNX the Λ-action is given by a · b = rT (a ∗ b).
Remark 2.13. The second part of (b) corresponds to Lemma 1.1(ii) of [12].
The reason for this discrepancy is that Bergman’s overlap ambiguities are
true ambiguities whereas our topplings are not.

Proof (of Theorem 2.12). Clearly (a′) follows from (a).

(c) ⇒ (b): Let y ∈ F . Let r, r′ be two T -reductions such that r(y) and r′(y)
are irreducible. Then r(y) − r′(y) lies in MT ∩ Firr = {0} and so y is
reduction-unique. Now suppose given r, a, b as in (b). Then (r(a)−a)∗b ∈
MT and so the irreducible element rT (r(a) ∗ b− a ∗ b) lies in MT and is
therefore zero. By Lemma 2.6 rT is linear.

(b) ⇒ (a): Let (τ, σ,A,B) be a toppling. Then hτ ∗ B = rτ (A) ∗ B and so
rT (A ∗ B) = rT (hτ ∗ B). Now let (τ, t, A,B) be an inclusion ambiguity.
Then hτ ∗B = rτB(AB) and ht = rt(AB), so rT (hτ ∗B) = rT (ht).
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(b) ⇒ (c): The map rT is a projection from F to Firr whose kernel is con-
tained in MT . Conversely MT is generated as a Λ-module by the fτ , and
by (b) we have rT (fτ ∗ b) = 0 for all b ∈ kNX. So Ker(rT ) = MT .

(a′) ⇒ (b): Let D ∈ E. We shall prove the following statements:
1. Each A ∈ EX with A ≤ D is reduction-unique.
2. rT (r(A) ∗B) = rT (A ∗B) for all T -reductions r and all pairs (A,B)

with A ∈ EX, B ∈ NX and AB ≤ D.
It suffices to prove the statements for every D in the finite set

D := {D ∈ E | D = AB for A ∈ EX, B ∈ NX} .

We shall do this by induction in D ∈ D. The case D = max D = maxE is
the desired statement (b). For the inductive step (and to start the induc-
tion, if D = minD) we assume Statement 1 for A < D and Statement 2
for AB < D.
Assume first thatD lies in EX. IfD is divisible by LM (fτ ) for at most one
τ ∈ T then D is reduction-unique (inductive hypothesis for Statement 1).
If (τ, t, A,B) is an inclusion ambiguity with D = ABC for some C ∈ NX

then rτBC(D) = hτ∗BC and rtC(D) = ht∗C. Since hτ∗B−ht = ft−fτ∗B
lies in TAB by (a′), the inductive hypothesis for Statement 2 implies
rT (ht ∗ C) = rT (hτ ∗B ∗ C). So D is reduction-unique.
Now suppose given A ∈ EX and B ∈ NX with D = AB. It suffices to
prove Statement 2 for elementary T -reductions. If AB ∈ EX or r(A) = A
then this is trivial. So we may assume there are τ ∈ T , σ ∈ S, A′ ∈ EX

and C1, C2, C3 ∈ NX satisfying:

A = A′C1, B = C2C3, LM (fτ ) = A′, σ = w(A)C2 .

We must show that rT (rτC1(A) ∗B) = rT (A ∗B), or equivalently that

rT (fτ ∗ C1 ∗B) = 0 . (2.1)

We have two cases to consider:
– If C1C2 ∈ NX then (τ, σ,A′, C1C2) is a toppling. So (2.1) follows from

(a′) and the inductive hypothesis for Statement 2.
– If C1C2 ∈ LM (I) then C < C1B for every C ∈ supp(C1 ∗ B). So

(2.1) follows from the inductive hypothesis for Statement 2.
��

Definition 2.14. Let fT be a reduction system for the submodule M ⊆ F
satisfying MT = M and the equivalent conditions of Theorem 2.12. Then fT
is a Gröbner basis for the module M . A Gröbner basis is minimal if it has
no inclusion ambiguities.
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2.2 The Buchberger Algorithm

The Buchberger Algorithm Buchberger takes a finite generating set A for
M ⊆ F and transforms it into a minimal Gröbner basis. To do this Buch-
berger processes three finite lists:

– fK is the current approximation to a Gröbner basis, a reduction system
for M without inclusion ambiguities.

– The reduction system fU contains elements of M waiting to be incorpo-
rated into fK . The reduction system fT generates M , where T is defined
as K � U .

– X contains the topplings of K which have yet to be made resolvable.

We shall need the function monic: kEX → kEX defined by monic(0) = 0 and
monic(y) = y/LC (y) for y �= 0. Hence LC (monic(y)) = 1 for all y �= 0.

An important component of Buchberger is Incorp. This algorithm incorpo-
rates the elements of fU into fK by removing inclusion ambiguities from fT .
At the same time X is updated accordingly.

Algorithm 2.15 ( Incorp).
Processes lists fK , fU ,X as above. At the end U is empty.

WHILE U is non-empty DO
Choose a u ∈ U .
IF fT has an inclusion ambiguity (κ, u,A,B) with κ ∈ K THEN

fu := monic(fu − fκ ∗B)
IF fu = 0 THEN U := U \ {u} END IF

ELSE
FOR each inclusion ambiguity (u, κ,A,B) with κ ∈ K DO

Transfer κ from K to U .
Remove every toppling for κ from X .

END FOR
Transfer u from U to K.
Append all topplings for u to X .

END IF
END WHILE

Proposition 2.16. The algorithm Incorp stops in finite time. Let T (0) be
the initial state of T and K(1) the final state of K. Then MK(1) = MT (0),
and K(1)A ⊇ T (0)A for every A ∈ E. Moreover fK(1) has no inclusion
ambiguities.

We shall need one further definition for the proof of the proposition.

Definition 2.17. For a reduction system fT define

VM (fT ) := {A ∈ EX | A = LM (fτ )B with τ ∈ T , B ∈ NX} .
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Remark 2.18. VM stands for “Visible Monomials”. There is a surjection from
the set RS(fT ) of T -reduction sites onto VM (fT ) given by sending (τ,B) to
LM (fτ )B. This surjection is a bijection if and only if the reduction system
fT has no inclusion ambiguities.

Proof (of Proposition 2.16). Each time a new element is added to K the set
VM (fK) grows in size. As EX is finite this can only happen finitely often.

To fU we assign a word of length |U | in the finite alphabet EX by writing
down the LM (fu) in ascending order. Call this word the signature of fU . Con-
sider what each iteration of the main loop in Incorp does to the signature. The
size of U can increase if u is transferred from U to K, but this only happens
finitely many times. If u is reduced because of an inclusion ambiguity then
either |U | becomes smaller or the signature decreases in the lexicographical
ordering: that is, the signature decreases in the length-lexicographical order-
ing. As this is a well ordering the algorithm stops in finite time.

Now let (κ, u,A′, B′) be an inclusion ambiguity with u ∈ U and κ ∈ K.
If fu = fκ then we may discard u without altering MT or TA. If they are
distinct then there are λ ∈ k \ {0} and f ′

u ∈ kEX satisfying LC (f ′
u) = 1

and fu = fκ ∗B′ + λf ′
u. The algorithm replaces fu with f ′

u. Since LM (f ′
u) <

LM (fu) there is no change to MT , and TA can only get larger. ��
The Buchberger Algorithm also requires the procedure Expand:

Procedure 2.19 (Expand).
Input: A toppling γ = (κ, σ,A,B) in X .

Remove γ from X .
Append monic(fκ ∗B) to U if non-zero.

Algorithm 2.20 (Buchberger).
Input: A finite reduction system fU for M with MU = M

Output: A minimal Gröbner basis fK for M

K := ∅, X := ∅
Carry out Incorp.
WHILE X is non-empty DO

FOR each toppling γ in X DO
Perform Expand on γ.

END FOR
Carry out Incorp.

END WHILE

The algorithm Buchberger is a special case of the following algorithm:

Algorithm 2.21.
Input: A finite reduction system fV for M with MV = M
Output: A minimal Gröbner basis fK for M
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K := ∅, U := ∅, X := ∅
WHILE V,X not both empty DO

EITHER
Transfer a non-empty subset of V to U .

OR
Perform Expand on at least one element of X .

END EITHER
Carry out Incorp.

END WHILE

Clarification 2.22. “EITHER . . . OR . . . END EITHER” means: perform
exactly one of the two options. As V,X are not both empty at least one of
the options can always be performed. If both can be performed, choose which
one.

Theorem 2.23. Algorithm 2.21 stops in finite time. The final state of fK
is a minimal Gröbner basis for M . Hence these statements also apply to the
algorithm Buchberger.

Proof. Each time a new element is added to K in Incorp, the set VM (fK)
becomes larger. As EX is finite, this can only happen finitely often, no matter
how often Incorp is performed. Once K becomes constant, the list X shrinks
each time Expand is performed and is left unchanged by Incorp. Similarly the
list V shrinks until it becomes empty. So the algorithm stops.

Set T := K � U as above. Each time elements are transferred from V to
U one has T old

A ⊆ T new
A for every A ∈ E. By the time V becomes empty one

has MT = M .
LetK1 be the state ofK at the end of Algorithm 2.21. The rules governing

X ensure that every toppling (κ, σ,A′, B′) with κ ∈ K1 occurred in X at
some point and then later as fκ ∗B′ in U . At this later time the toppling is
resolvable relative to ≤ over fT . Proposition 2.16 then says that the toppling
is resolvable relative to ≤ over K1 too. The result follows from Theorem 2.12.

��
Remark 2.24. Algorithm 2.21 might appear unnecessarily general at first, but
for actual calculations it has the advantage that it can be started when the
list fV is only partially known. If (as often happens) we know the value of
dimk(M) in advance then Lemma 2.25 tells us what the final size of VM (fK)
should be. Once this size has been reached we may stop the algorithm, even
if not all elements of fV have yet been used.

Lemma 2.25. Let fT be a reduction system for the module M ⊆ F . Then:

1. fT is a Gröbner basis for M if and only if |VM (fT )| = dimk(M).
2. fT is a minimal Gröbner basis for M if and only if |RS(fT )| = dimk(M)

and fT has no inclusion ambiguities.
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Proof. The statement |VM (fT )| = dimk(M) is equivalent to Statement (c)
of the Diamond Lemma (Theorem 2.12). If there are no inclusion ambiguities
then |RS(fT )| = |VM (fT )| by Remark 2.18. ��

2.3 Implementation

The Buchberger Algorithm 2.21 is not actually used in the package Diag.
Rather it serves as a template for the algorithms ElimBuchberger (3.7) and
HeadyBuchberger (3.18) which are used. But it is still worthwhile to consider
how best to implement the Buchberger Algorithm, for here too the algorithm
serves as a template for the two variants.

There are several places in the Buchberger Algorithm 2.21 and in its
component Incorp (2.15) where more than one action is possible. For exam-
ple when an element is to be chosen from a given list, or when one meets
“EITHER . . . OR . . . ”. This generality helps in the proofs and means that
the programmer has to choose from a plethora of possible strategies. The
strategy used in the package Diag will now be described.

2.3.1 The algorithm Incorp

Experience shows that the most expensive part of the Buchberger Algorithm
is calculating the products needed for reduction in Algorithm 2.15 (Incorp).
For if (κ, u,A,B) is an inclusion ambiguity one needs to calculate the product
fκ ∗B in order to determine the value of rκB(fu). Let pn be the order of the
group G, let m be the rank of the free kG-module F , and let 	 be the length of
the word B ∈ NX ⊆ 〈X〉. The computer knows the ∗-product as the matrices
(with respect to the basis NX) of the right ∗-action f �→ f ∗ a on kG for
each a ∈ X. So in order to calculate fκ ∗B the computer has to perform 	m
multiplications of a pn × pn-matrix with a vector in (Fp)p

n

.
Moreover the number of such elementary reductions that need to be cal-

culated for one application of Incorp is typically very large, and an individual
product fκ ∗ B often gets used many times. It would take too long to recal-
culate fκ ∗ B each time from scratch; and it would require too much space
to compute and store all such products at the start of Incorp: the storage
requirements would be comparable to constructing a k-basis of the module.
But the reason Gröbner bases are being used is to handle cases where k-bases
for the module are too big.

The following version of Incorp calculates each product fκ ∗ B at most
once, but also discards each product once it has been finished with and so
manages to achieve acceptable space requirements.

Definition 2.26. Let fT be a reduction system for the submodule M ⊆ F .
Order 〈X〉 with the ordering ≤RLL and E(F ) with the ordering of Exam-
ple 1.13.
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1. Define the dimension of f ∈ kE(F ) \ {0} with leading monomial eiw by
dim(f) := 	(w).

2. For d ≥ 0 define a set RSd(fT ) and a family Πd(fT ) by

RSd(fT ) := {(τ,B) ∈ T ×NX | dim(fτB) = d and LM (fτ )B ∈ EX} ,
Πd(fT ) := (fτ ∗B)(τ,B)∈RSd(fT ) .

Algorithm 2.27. Order E(F ) as in Example 1.13.
Processes lists fK , fU ,X as in Algorithm 2.15.

Write down Π0(fK).
FOR d ≥ 0 DO

WHILE there are u ∈ U with dim(fu) = d DO
Choose a u ∈ U with LM (fu) as large as possible.
IF fT has an inclusion ambiguity (κ, u,A,B) with κ ∈ K THEN

Look up value of fκ ∗B in Πd(fK).
fu := monic(fu − fκ ∗B)
IF fu = 0 THEN U := U \ {u} END IF

ELSE
FOR each inclusion ambiguity (u, κ,A,B) with κ ∈ K DO

Transfer κ from K to U .
Remove each toppling for κ from X .

END FOR
Transfer u from U to K.
Append all topplings for u to X .
Append (u, 1) to RSd(fK).

END IF
END WHILE
IF U is empty THEN stop algorithm END IF
Calculate Πd+1(fK) from fK and Πd(fK).
Discard Πd(fK).

END FOR

Lemma 2.28. Algorithm 2.27 is a special case of Algorithm 2.15.

Proof. The ordering (1.13) on E(F ) satisfies LM (f1) > LM (f2) if dim(f1) <
dim(f2). Let (κ, u,A,B) be an inclusion ambiguity with f ′

u �= 0 for f ′
u :=

monic(fu − fκ ∗B). Then LM (f ′
u) < LM (fu) and so dim(f ′

u) ≥ dim(fu).
If dim(fu) ≥ d for every u ∈ U at the beginning of the WHILE-loop

then dim(fu) = d for each u that is chosen. So if (κ, u,A,B) is an inclusion
ambiguity then (κ,B) does lie in RSd(fK). Then at the end of the WHILE-
loop dim(fu) > d for every u ∈ U . So no elements of U are left behind. ��
Remark 2.29. Computing Πd+1(fK) from fK and Πd(fK) is not difficult.
Let (κ,B) be an element of RSd+1(fK), a set which is easy to determine. If
B = 1 then fκ ∗ B = fκ. Otherwise B = B′a with B′ ∈ NX, a ∈ X and
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(κ,B′) ∈ RSd(fK). Then fκ ∗ B = (fκ ∗ B′) ∗ a. The value of fκ ∗ B′ can
be looked up in Πd(fK) and so the value of fκ ∗ B can be determined with
m := rank(F ) multiplications of a matrix with a vector.

Remark 2.30. If κ is transferred from K back to U then there is an inclu-
sion ambiguity (u, κ,A,B) with u ∈ U and dim(fκ) ≥ dim(fu) (equality
will be possible in Algorithm 3.15). Hence κ is transferred back to U before
any products fκ ∗ w are calculated. In this sense no products are calculated
unnecessarily.

Remark 2.31. If Πd0(fK) is known for some d0 ≥ 0 and dim(fu) ≥ d0 for all
u ∈ U then one can start Algorithm 2.27 with d = d0 rather than d = 0. This
often happens during the Buchberger Algorithm.

2.3.2 The Buchberger Algorithm

Definition 2.32. Let fT be a reduction system for the submodule M ⊆ F .
Order 〈X〉 with ≤RLL and E(F ) with the ordering of Example 1.13.

1. A toppling γ = (τ, σ,A,B) has dimension dim(fτB) = 	(w(A)B).
2. For a list X of topplings set Xd := {γ ∈ X | dim(γ) = d}.

Algorithm 2.33. Order E(F ) as in Example 1.13.
Input: A finite reduction system fV for M with MV = M .
Output: A minimal Gröbner basis fK for M .

K := ∅, U := ∅, X := ∅, d := 0.
Π0(fK) is the empty family.
WHILE V,X not both empty DO

EITHER
Discard Πd(fK).
Transfer a non-empty subset of V to U .
d := 0.
Write down Π0(fK).

OR
Apply Expand to the elements of Xd+1 using Πd(fK).
Calculate Πd+1(fK) from fK and Πd(fK).
Discard Πd(fK).
d := d+ 1.

END EITHER
Carry out Incorp as in Algorithm 2.27.

END WHILE

Lemma 2.34. Algorithm 2.33 is a special case of Algorithm 2.21.

Proof. If γ = (κ, σ,A,B) a toppling then dim(γ) ≥ dim(fκ) + 1. So no
topplings get skipped over. ��
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Remark 2.35. If γ = (κ, σ,A,B) is a toppling with dim(γ) = d + 1 then
B = B′a for B′ ∈ NX and a ∈ X. So AB′ in EX since σ = w(A)B. Hence
one may look up the value of fκ ∗ B′ in Πd(fK) and compute fκ ∗ B as
(fκ ∗B′) ∗ a.
Remark 2.36. Each time Incorp is carried out in Algorithm 2.33 one may start
in dimension d0 := d instead of dimension 0 (cf. Remark 2.31).

Remark 2.37. No strategy has been given for the “EITHER . . . OR . . . ” deci-
sion as here the Buchberger Algorithm is not a good model for the algorithms
ElimBuchberger and HeadyBuchberger.

Remark 2.38. The dimension dimk(M) is often known in advance, and then
one can usually stop the Buchberger Algorithm early. For if |RS(fK)| =
dimk(M) at the end of Incorp then fK is already a minimal Gröbner basis,
by Lemma 2.25.



3 Constructing minimal resolutions

Minimal resolutions can be constructed by iterating the following key task:

Given a homomorphism between two free kG-modules, compute min-
imal generators of the kernel.

In this chapter we will derive two variants of the Buchberger Algorithm that
was developed in Chap. 2. Together these two variants perform the key task.
The first variant is treated in Sect. 3.1: well-known elimination methods are
used to determine the kernel. The second variant is developed in Sect. 3.2 and
makes essential use of the fact that we are using a negative word ordering.
A small alteration to the definition of an inclusion ambiguity ensures that
the Buchberger Algorithm produces a minimal generating set as well as a
Gröbner basis.

In Sect. 3.3 we shall consider pratical aspects of performing these two
Buchberger variants. Finally we shall see in Sect. 3.4 how to use a by-product
of the elimination to calculate preimages: we shall compute products in co-
homology by lifting cocycles, and this calls for taking preimages.

3.1 The kernel of a homomorphism

Using the Buchberger Algorithm with an elimination ordering to determine
the kernel of a map is a standard technique for commutative Gröbner bases.
This method is also known in the noncommutative case [52].

Let φ:F2 → F1 be a Λ-linear map, where F1 =
⊕m

i=1 eiΛ and F2 =⊕n
j=1 θjΛ are free right Λ-modules. Here, Λ is a finite dimensional k-algebra

as in Hypothesis 1.5. Set F := F1 ⊕ F2 and Γ := {φ(f) − f | f ∈ F2}. That
is, Γ is the graph of −φ. The following result is then clear:

Lemma 3.1. As a Λ-module, Γ is generated by {φ(ηj) − ηj | 1 ≤ j ≤ n}.
Moreover Γ ∩ F2 = Ker(φ). ��
Definition 3.2. Suppose useable orderings on E(F1) and E(F2) have been
chosen. There is exactly one ordering on E(F ) = E(F1) � E(F2) which ex-
tends these two orderings and also satisfies A2 < A1 for all A1 ∈ E(F1) and
A2 ∈ E(F2). This ordering is clearly useable. We shall call it an elimination
ordering.

D.J. Green: LNM 1828, pp. 33–46, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Example 3.3. The elimination ordering used in the package Diag is obtained
by choosing the ordering from Example 1.13 on E(F1) and E(F2).

Proposition 3.4. (Cf. [52, §4]) Choose an elimination ordering for E(F )
and let fT be a minimal Gröbner basis for Γ . Set T1 := {τ ∈ T | LM (fτ ) ∈
F1} and T2 := T \ T1. Then

1. T2 = {τ ∈ T | fτ ∈ F2}, and fT2 is a minimal Gröbner basis for Ker(φ).
2. {π1(fτ ) | τ ∈ T1} is a minimal Gröbner basis for Im(φ), where π1 is

projection F → F1.
3. Consider the reduction system fT1 for Γ . Let f be an element of Im(φ)

and r a T1-reduction such that r(f) is irreducible over T1. (Such reduc-
tions exist by Lemma 2.5.) Then r(f) lies in F2 and φ(r(f)) = f .

Proof. Let r1 be a T1-reduction and r2 a T2-reduction. Then r2(y) = y for
each y ∈ F1, and for each y ∈ F2 we have r1(y) = y and r2(y) ∈ F2. Since fT
is a minimal Gröbner basis for Γ this implies (1) and (2).

Part (3): r(f) lies in F2 by (2). Now recall the definition of Γ . ��
Definition 3.5. Because of properties (2) and (3) we shall call fT1 a preim-
age Gröbner basis for Im(φ). These properties will be useful when lifting coy-
cles.

The first variant ElimBuchberger of the Buchberger Algorithm computes a
preimage Gröbner basis for Im(φ) together with a minimal generating set for
Ker(φ). This algorithm and its component ElimIncorp process four finite lists:

– fK is a reduction system for Γ without inclusion ambiguities. Moreover
K1 = K. The reduction system fK is the current approximation to a
preimage Gröbner basis for Im(φ).

– The reduction system fU contains elements of Γ −F2 which are waiting to
be incorporated into K. Set T := K � U .

– fV is a reduction system for Ker(φ) = Γ ∩F2. At the end of ElimBuchberger
fV will be a generating set for the kernel. Γ is generated by the reduction
set fW , where W is defined as K � U � V .

– X contains the topplings of K which are not yet known to be resolvable
over fT .

Algorithm 3.6 (ElimIncorp).
Processes lists fK , fU ,X , fV .
U is empty at the end.

WHILE U not empty DO
Choose a u ∈ U .
IF fu lies in F2 THEN

Transfer u from U to V .
ELSE IF fT has an inclusion ambiguity (κ, u,A,B) with κ ∈ K THEN

fu := monic(fu − fκ ∗B).
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IF fu = 0 THEN U := U \ {u} END IF
ELSE

FOR each inclusion ambiguity (u, κ,A,B) with κ ∈ K DO
Transfer κ from K to U .
Remove each toppling for κ from X .

END FOR
Transfer u from U to K.
Append all topplings for u to X .

END IF
END WHILE

Algorithm 3.7 (ElimBuchberger).
Input: φ(η1), . . . , φ(ηn).
Output: Generating set fV for Ker(φ) and preimage Gröbner basis fK for
Im(φ).

fU := {monic(φ(ηi) − ηi) | 1 ≤ i ≤ n}.
K := ∅, X := ∅, V := ∅.
Carry out ElimIncorp.
WHILE X not empty DO

Perform Expand on at least one element of X .
Carry out ElimIncorp.

END WHILE

Proposition 3.8. The algorithm ElimBuchberger stops in finite time. When
it stops fV is a generating system for Ker(φ) and fK is a preimage Gröbner
basis for Im(φ).

Proof. The elimination ordering ensures that ElimIncorp proceeds just like
Incorp for Im(φ) with extra book-keeping. Similarly ElimBuchberger proceeds
like Buchberger for Im(φ). So ElimIncorp and ElimBuchberger stop in finite
time.

Set W := K�U �V . Then fW is a reduction system for Γ with ΓW = Γ .
Let W 1 = K1 � V 1 be the value of W at the end of ElimBuchberger and
let (κ, σ,A,B) be a toppling of fW 1 with κ ∈ K1. Immediately after it is
expanded this toppling is resolvable relative to ≤. As the vector space WAB

stays the same or becomes larger at each subsequent stage of ElimIncorp and
ElimBuchberger, this toppling is also resolvable relative to ≤ as aW 1-toppling.
Applying the algorithm Buchberger to fV 1 produces a Gröbner basis fV 2 for
ΓV 1 . Set W 2 := K1 � V 2. Then by the Diamond Lemma fW 2 is a minimal
Gröbner basis for Γ , and K1 is the set {ω ∈ W | LM (fω) ∈ F1}. The result
follows by Proposition 3.4. ��

3.2 Minimal generating sets

The Buchberger Algorithm can also be used to determine a minimal gen-
erating set of a module. For this it is necessary to distinguish between the
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elements of the reduction system which were there from the beginning and
those which arise as expansions of topplings. For expansions lie in the radical
of the module and therefore cannot belong to any minimal generating set. To
record this distinction we shall use a heady reduction system.

Let M be a submodule of the free right Λ-module F , where Λ is a finite-
dimensional k-algebra as in Hypothesis 1.5. Suppose a useable ordering has
been chosen on E(F ).

3.2.1 Heady reduction systems

Definition 3.9. A heady reduction system for M consists of a reduction
system fT for M together with a decomposition T = TH � TR such that
fρ lies in

∑
η∈TH fη ∗ J for each ρ ∈ TR.

Recall that J ⊆ k〈X〉 is the inverse image of the radical rad(Λ).

Definition 3.10. An elementary T -reduction rτB is called heady if τ ∈ TH

and B = 1, otherwise it is called radical. The composition of several radical
elementary T -reductions is called a radical T -reduction.

Definition 3.11. For A ∈ E define TRA to be the k-vector space spanned by

{fτ ∗B | τ ∈ T and B ∈ NX with LM (fτ )B < A, and τ ∈ TR if B = 1} .

A toppling (τ, σ,A,B) is called radically resolvable if there is a radical T -
reduction r with r(fτ ∗ B) = 0. It is called radically resolvable relative to ≤
if fτ ∗B lies in TRAB.

Theorem 3.12. Let M be a submodule of the free right Λ-module F and fT
a heady reduction system for M which has no inclusion ambiguities. Then
the following statements are equivalent:

(a) All topplings are radically resolvable.
(a′) All topplings are radically resolvable relative to ≤.
(b) All elements of F are reduction-unique. Moreover there is for each a ∈

MT ∗ J a radical T -reduction r satisfying r(a) = 0.

If these equivalent statements hold then {fη | η ∈ TH} is a minimal generat-
ing set for MT .

Proof. Clearly (a′) follows from (a).

(b) ⇒ (a): If (τ, σ,A,B) is a toppling then fτ ∗B lies in MT ∗ J . So there is
a radical T -reduction r with r(fτ ∗B) = 0.

(a′) ⇒ (b): The Diamond Lemma (Theorem 2.12) implies that all elements
of F are reduction-unique. As before set

D := {D ∈ E | D = AB for A ∈ EX, B ∈ NX} .
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Each a ∈ MT ∗ J can be written as

a = aλ =
∑

(τ,B)∈T×NX

λτBfτ ∗B

for suitable λτB ∈ k, where λτ1 = 0 if τ ∈ TH . Define Dλ ∈ D by

Dλ := max{LM (fτ )B | λτB �= 0} .
The proof is by induction. Assume that for each λ with Dλ < D there is
a radical T -reduction r with r(aλ) = 0. Now consider the case Dλ = D.
Since there are no inclusion ambiguities there is exactly one pair (τ,B)
with LM (fτ )B = D. If D ∈ EX then rτB is a radical elementary T -
reduction and rτB(a) = aλ′ , where λ′

τB = 0 and λ′
tB′ = λtB′ otherwise.

Hence Dλ′ < D and the claim follows by the inductive hypothesis.
If D does not belong to EX then there are C1, C2 ∈ NX with C1C2 = B
and a toppling (τ, σ,LM (fτ ), C1). By (a′) we can write fτ ∗C1 as aµ with
Dµ < LM (fτ )C1. Therefore we can write a as aλ′ with Dλ′ < D, and the
claim follows.

By the definition of heady reduction system the family fTH generates MT .
Since there are no inclusion ambiguities the family (LM (fη))η∈TH is linearly
independent over k and each k-linear combination is fixed by every radical
T -reduction. So by (b) no nontrivial linear combination of fTH lies in MT ∗J .

��

3.2.2 Algorithms for heady reduction systems

Let fT be a heady reduction system.

Definition 3.13. An inclusion ambiguity (τ, t, A,B) will be called inadmis-
sible if τ ∈ TH , t ∈ TR, and B = 1. All other inclusion ambiguities are
admissible. Note that LM (ft) = LM (fτ ) in the inadmissible case.

Remark 3.14. Let (τ, t, A,B) be an inclusion ambiguity. If t ∈ TH then the
ambiguity is admissible. If the ambiguity is inadmissible then B = 1 and
(t, τ, A, 1) is an inclusion ambiguity which is admissible.

The Buchberger Algorithm Buchberger can be adapted to respect heady re-
duction systems. The new algorithm HeadyBuchberger again processes lists
fK , fU und X , but fK , fU and fT are now heady reduction systems. Here,
T is K � U and TR = KR � UR. Elements keep their type (R or H) on
being transferred between lists. For example, when transferring from U to
K, elements of UR are sent to KR and elements of UH are sent to KH .

Algorithm 3.15 (HeadyIncorp).
Processes lists fK , fU ,X .
At the end U is empty.
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WHILE U not empty DO
Choose a u ∈ U .
IF fT has an admissible inclusion ambiguity (κ, u, A, B) with κ ∈ K THEN

fu := monic(fu − fκ ∗ B)
IF fu = 0 THEN U := U \ {u} END IF

ELSE
FOR each admissible inclusion ambiguity (u, κ, A, B) with κ ∈ K DO

Transfer κ from K to U .
Remove each toppling for κ from X .

END FOR
Transfer u from U to K.
Append all topplings for u to X .

END IF
END WHILE

Proposition 3.16. HeadyIncorp stops in finite time. Let fT (0) be the initial
state and fK(1) the final state of the reduction system. Then MK(1) = MT (0)

and each A ∈ E satisfies K(1)A ⊇ T (0)A and K(1)RA ⊇ T (0)RA. Moreover
fK(1) has no inclusion ambiguities.

Proof. If (u, κ,A,B) is inadmissible then (κ, u,A,B) is admissible. So fK
stays free of inclusion ambiguities.

Each time a new element is added to K one of two things happens: either
VM (fK) becomes larger or KH becomes smaller. As EX is finite this can
only happen finitely many times.

We can form a word of length |U | in the alphabet EX by writing down
the LM (fu) in increasing order. Only when a new element is added to K
can |U | increase. Each remaining step either makes |U | smaller or makes the
word associated to U larger in the lexicographical ordering. As there are only
finitely many words of a given length, the algorithm does stop in finite time.

Now let (κ, u,A′, B′) be an admissible inclusion ambiguity with u ∈ U ,
κ ∈ K. If fu = fκ then we may discard u without altering MT , TA, TRA .
If they are not equal then there are λ ∈ k \ {0} and f ′

u ∈ kEX such that
LC (f ′

u) = 1 and fu = fκ ∗ B′ + λf ′
u. The algorithm replaces fu with f ′

u. As
LM (f ′

u) is smaller than LM (fu), there is no change to MT , and TA can only
get larger. If B′ = 1 and κ ∈ KH then u lies in UH , for the ambiguity is
admissible. So TRA too can only get larger. ��
Procedure 3.17 (HeadyExpand).
Input: A toppling γ = (κ, σ,A,B) in X .

Remove γ from X .
Append monic(fκ ∗B) to UR if nonzero.

Now we can state the Buchberger Algorithm for heady reduction systems.
This time we shall jump straight to the more general case.
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Algorithm 3.18 (HeadyBuchberger).
Input: A finite reduction system fV for M with MV = M
Output: A minimal generating set fKH for M .

K := ∅, U := ∅, X := ∅
WHILE V,X not both empty DO

EITHER
Transfer a nonempty subset of V to UH

OR
Perform HeadyExpand on at least one element of X .

END EITHER
Carry out HeadyIncorp.

END WHILE

Remark 3.19. Briefly, the modifications to the usual Buchberger Algorithm
are as follows:

1. Some inclusion ambiguities are declared to be inadmissible.
2. Brand new generators are put in UH .
3. Expansions are put in UR.

Theorem 3.20. HeadyBuchberger stops in finite time. At the end {fη | η ∈
KH} is a minimal generating set for M .

Proof. Each time a new element is added to K in HeadyIncorp, one of two
things happens: either VM (fK) becomes larger or |KH | becomes smaller. In
the latter case VM (fK) stays the same: it can never decrease in size. Since
EX is finite we conclude that the heady reduction system fK is constant
after finitely many applications of HeadyIncorp. After this, X shrinks each
time HeadyExpand is performed and is left unchanged by HeadyIncorp. So
after finite time the lists X and V are both empty and the algorithm stops.

Set T := K � U as above. Each time elements are transferred from V to
U we have T old

A ⊆ T new
A and T oldR

A ⊆ T newR
A for each A ∈ E. By the time

V is empty we have MT = M .
Let K1 be the value of K at the end of HeadyBuchberger. The rules gov-

erning X ensure that each toppling (κ, σ,A′, B′) with κ ∈ K1 occurred in X
at some point and then later as fκ ∗B′ in UR. From this later time onwards
the toppling is radically resolvable relative to ≤ over T . So Proposition 3.16
says that the toppling is radically resolvable relative to ≤ over K1. The result
follows from Theorem 3.12. ��

3.3 Implementation

Let Fn =
⊕β(n)

i=1 kG be the nth term in the minimal projective resolution of
the trivial right kG-module k. The nth differential dn:Fn → Fn−1 is charac-
terised by the images in Fn−1 of the β(n) free generators of Fn. These images
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are stored in the .bin-file for dn. The first differential d1 is easy to write down.
For n ≥ 1 one calculates β(n + 1) and the images for dn+1 simultaneously
by finding minimal generators for the kernel of dn. For this the above algo-
rithms are used, which only require as input the images under dn of the free
generators of Fn: they do not need the matrix of dn as a k-linear map.

3.3.1 The variants of the algorithm Incorp

The algorithm ElimIncorp Let M be a submodule of the free module F =
F1 ⊕F2. Impose on E(F ) the ordering of Example 3.3. Then LM (f) ∈ E(F1)
for each f ∈ kE(F ) \ kE(F2). For such f set dim(f) := 	(w(LM (f))).

Let fT be a reduction system for M . As in Proposition 3.4, define T1, T2
by T1 := {τ ∈ T | LM (fτ ) ∈ E(F1)} and T2 := {τ ∈ T | fτ ∈ F2}. By
comparison with Definition 2.26 we then define a set RSd(fT1) and a family
Πd(fT1) by

RSd(fT1) := {(τ,B) ∈ T1 ×NX | dim(fτB) = d and LM (fτ )B ∈ EX(F )}
and Πd(fT1) := (fτ ∗B)(τ,B)∈RSd(fT1 ).

Algorithm 3.21 (Implementation of ElimIncorp).
Processes lists fK , fU ,X , fV as in Algorithm 3.6.
Order E(F ) as in Example 3.3.
Suppose given a d0 ≥ 0 such that dim(fu) ≥ d0 for each u ∈ U1 and Πd0(fK1)
is known. (Always true for d0 = 0.)

Transfer all elements of U2 to V .
FOR d ≥ d0 DO

WHILE there are u ∈ U = U1 with dim(fu) = d DO
Choose a u ∈ U with LM (fu) as large as possible
IF fT has an inclusion ambiguity (κ, u,A,B) with κ ∈ K THEN

Look up value of fκ ∗B in Πd(fK1).
fu := monic(fu − fκ ∗B)
IF fu = 0 THEN

U := U \ {u}
ELSE IF fu now lies in F2 THEN

Transfer u from U to V .
END IF

ELSE
FOR each inclusion ambiguity (u, κ,A,B) with κ ∈ K DO

Transfer κ from K to U .
Remove each toppling for κ from X .

END FOR
Transfer u from U to K.
Append (u, 1) to RSd(fK1).
Append all topplings for u to X .
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END IF
END WHILE
IF U is empty THEN stop algorithm END IF
Compute Πd+1(fK1) from fK1 and Πd(fK1).
Discard Πd(fK1).

END FOR

The algorithm HeadyIncorp The implementation of this algorithm is
closely modelled on the implementation of Incorp (cf. §2.3.1). We shall use
the same notation.

Algorithm 3.22 (Implementation of HeadyIncorp).
Processes lists fK , fU ,X as in Algorithm 3.15.
Order E(F ) as in Example 1.13.
Suppose given a d0 ≥ 0 such that dim(fu) ≥ d0 for each u ∈ U and Πd0(fK)
is known. (Always true for d0 = 0.)

FOR d ≥ d0 DO
WHILE there are u ∈ U with dim(fu) = d DO

A := max{LM (fu) | u ∈ U}
V := {u ∈ U | LM (fu) = A}
IF V R is non-empty THEN

Choose a u ∈ V R.
ELSE

Choose a u ∈ V H .
END IF
IF fT has an admissible inclusion ambiguity (κ, u, A, B)
with κ ∈ K THEN

Look up value of fκ ∗ B in Πd(fK).
fu := monic(fu − fκ ∗ B)
IF fu = 0 THEN U := U \ {u} END IF

ELSE
FOR each admissible inclusion ambiguity (u, κ, A, B)
with κ ∈ K DO

Transfer κ from K to U .
Remove from X all topplings for κ.
IF LM (fκ) = LM (fu) THEN Remove (κ, 1)
from RSd(fK). END IF

END FOR
Transfer u from U to K.
Append to X all topplings for u.
Append (u, 1) to RSd(fK).

END IF
END WHILE
IF U is empty THEN stop algorithm END IF
Calculate Πd+1(fK) from fK and Πd(fK).
Discard Πd(fK).

END FOR
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3.3.2 The variants of the Buchberger Algorithm

The simplest strategy for determining the kernel of φ:F2 → F1 is the following
algorithm. Here η1, . . . , ηn are free generators for the free kG-module F2.

Algorithm 3.23.
Input: φ(η1), . . . , φ(ηn)
Output: A minimal generating set fA for Ker(φ) and a preimage Gröbner
basis fB for Im(φ).

Carry out ElimBuchberger on φ(η1), . . . , φ(ηn).
fB := the resulting preimage Gröbner basis fK for Im(φ).
Carry out HeadyBuchberger on the generating set fV for Ker(φ).
fA := the resulting minimal generating set fKH for Ker(φ).

However the dimension of Ker(φ) is often known in advance, for example
when φ is a differential in the minimal resolution. We shall see that this
knowledge can be used to make the algorithm HeadyBuchberger 3.18 stop
earlier. Moreover1 one can interweave the algorithms ElimBuchberger (3.7)
and HeadyBuchberger and thus make the algorithm ElimBuchberger stop ear-
lier too. This can lead to a considerable time saving.

We shall now assemble the composite algorithm, which requires five pro-
cedures and four conditions. First though we have to solve a problem of
notation: we have given the indexing sets in ElimBuchberger and in Heady-
Buchberger the same names as in the model algorithm Buchberger, namely
K, U and T := K � U . Rather than introduce further potentially confusing
notation I consider it best to settle for the following convention:

The reduction systems fK , fU and fT in the two procedures derived
from ElimBuchberger have nothing to do with the reduction systems
fK , fU and fT in the three procedures from HeadyBuchberger. The
same goes for the two lists X of topplings.

It is the reduction system fV which is responsible for communication between
the two algorithms.

The five procedures will be stated first, then the algorithm itself, and then
the four conditions.

Procedure 3.24 ( InitElimBuchberger).
Input: φ(η1), . . . , φ(ηn).

fU := {monic(φ(ηi) − ηi) | 1 ≤ i ≤ n}.
K := ∅, X := ∅, V := ∅.
Π0(fK1) is empty.
Carry out ElimIncorp as in in Algorithm 3.21, with d0 = 0.
θ := 0.

1 As already hinted at in Remark 2.24.
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Procedure 3.25 (LoopElimBuchberger).
Variables: as in InitElimBuchberger.
We have Xd = ∅ for d ≤ θ.

Apply Expand to the elements of Xθ+1 using Πθ(fK1).
Calculate Πθ+1(fK1) from fK1 and Πθ(fK1).
Discard Πθ(fK1).
θ := θ + 1.
Carry out ElimIncorp as in Algorithm 3.21, with d0 = θ.

Procedure 3.26 ( InitHeadyBuchberger).
K := ∅, U := ∅, X := ∅.
Π0(fK) is empty.
ρ := 0.

Procedure 3.27 (ReadHeadyBuchberger).
Variables: as in InitHeadyBuchberger.
Input: New elements of Ker(φ) in fV .

Discard Πρ(fK).
Transfer all elements of V to UH .
Write down Π0(fK).
ρ := 0.
Carry out HeadyIncorp as in Algorithm 3.22, with d0 = 0.

Procedure 3.28 (LoopHeadyBuchberger).
Variables: as in InitHeadyBuchberger.
We have Xd = ∅ for d ≤ ρ.

Apply HeadyExpand to the elements of Xρ+1 using Πρ(fK).
Calculate Πρ+1(fK) from fK and Πρ(fK).
Discard Πρ(fK).
ρ := ρ+ 1.
Carry out HeadyIncorp as in Algorithm 3.22, with d0 = ρ.

Algorithm 3.29 (KernelInterwoven).
Input: ν := dimk(Ker(φ)), and φ(η1), . . . , φ(ηn).
Output: A minimal generating set fA for Ker(φ) and a preimage Gröbner
basis fB for Im(φ).

Carry out InitElimBuchberger.
Carry out InitHeadyBuchberger.
REPEAT

Carry out LoopElimBuchberger.
UNTIL Condition A is satisfied.
fB := current value of fK in ElimBuchberger.
Carry out ReadHeadyBuchberger.
WHILE Condition B not satisfied DO
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Carry out LoopHeadyBuchberger.
IF Condition C is satisfied THEN

REPEAT
Carry out LoopElimBuchberger.

UNTIL Condition D is satisfied.
Carry out ReadHeadyBuchberger.

END IF
END WHILE
fA := current value of fKH in HeadyBuchberger.

Condition 3.30 (Condition A).
Meaning: Enough elements of Ker(φ) have been found to make it worth start-
ing HeadyBuchberger.
Condition: |VM (fK1)| = dimk(Im(φ)) in ElimBuchberger, so fK1 is a preimage
Gröbner basis for Im(φ). Moreover: either ElimBuchberger has finished (i.e.,
the list X is empty), or LoopElimBuchberger has been carried out at least
nA times since fK1 first became a preimage Gröbner basis.
Explanation: Ideally we would stop ElimBuchberger as soon as fV becomes
large enough to generate Ker(φ), but this condition is impractical to test on
the computer. By contrast Condition A is easy to test, and experience shows
that it is usually first satisfied shortly before or after fV becomes a generating
set for Ker(φ). The parameter nA allows for fine tuning and its optimal value
seems to depend on the prime p. For p = 2, 3 a good value is nA = 2. For
p = 5 I currently use nA = 5, for otherwise Condition A is often satisfied far
too early. It is cheaper to have Condition A satisfied a little too late rather
than a little too early.

Condition 3.31 (Condition B).
Meaning: The algorithm has found a minimal generating set for Ker(φ) and
can terminate.
Condition: |VM (fK)| = dimk(Ker(φ)) in HeadyBuchberger. Also UH = ∅,
and: dim(fκ) < dim(fu) and dim(fκ) < dim(γ) for all κ ∈ KH , u ∈ U and
γ ∈ X .
Explanation: By Lemma 2.25 fK is a minimal Gröbner basis for Ker(φ) if and
only if |VM (fK)| = dimk(Ker(φ)). The remaining conditions ensure that
KH remains constant for the rest of HeadyBuchberger, which means that the
current state of fKH is also the final state. Note that the later parts of this
condition are in particular satisfied if U = X = ∅.

Condition 3.32 (Condition C).
Meaning: The elements of the kernel found up to now do not seem to gener-
ate. Suspend HeadyBuchberger and continue with ElimBuchberger.
Condition: X �= ∅ in ElimBuchberger and |VM (fK)| < dimk(Ker(φ)) in Heady-
Buchberger. Moreover either X = ∅ in HeadyBuchberger, or the last nC ap-
plications of LoopHeadyBuchberger have left VM (fK) unchanged.
Explanation: In practice this usually means that fT does not generate Ker(φ).
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A good choice for p = 2, 3 seems to be nC = 2. For p = 5 I use nC = 1, as
each cycle of LoopHeadyBuchberger takes a rather long time.

Condition 3.33 (Condition D).
Meaning: Suspend ElimBuchberger once more and continue with HeadyBuch-
berger.
Condition: X is now empty in ElimBuchberger; or new elements of Ker(φ)
have been found; or LoopElimBuchberger has now been performed nD times
without finding new elements of Ker(φ).
Explanation: To check whether new elements of Ker(φ) have been found, the
computer performs ReadHeadyBuchberger at the end of LoopElimBuchberger.

The third part of the condition allows for the possibility that Condition C
caused HeadyBuchberger to be suspended when in fact fT did generate the
kernel. Usually I set nD = 2.

Lemma 3.34. Algorithm 3.29 KernelInterwoven stops in finite time. At the
end fA is a minimal generating set for Ker(φ) and fB is a preimage Gröbner
basis for Im(φ).

Proof. All elements occurring in fV belong to Ker(φ), so fA is a minimal
generating set for the kernel provided the algorithm does stop. As ElimBuch-
berger stops in finite time, X is empty after finitely many applications of
LoopElimBuchberger. So LoopElimBuchberger can only be performed finitely
often and Condition C can only be satisfied finitely often. Once Condition C is
never again satisfied, LoopHeadyBuchberger only has to be performed finitely
often to make the X of HeadyBuchberger empty. But if X is empty in Elim-
Buchberger and in HeadyBuchberger, then Condition B will be satisfied. ��

3.4 Computing preimages

Let d:F2 → F1 be a kG-linear map between free kG-modules, and let (bρ)ρ∈R
be a finite family of elements of Im(d). Our task in this section is to compute
a family (uρ)ρ∈R of elements of F2 which satisfies d(uρ) = bρ for all ρ ∈ R.

For example, let F3 be another free kG-module and ψ:F3 → F1 a kG-
linear map whose image is contained in that of d. We would like to construct
a lift ψ:F3 → F1 of ψ, that is a kG-linear map making the following diagram
commute.

F3 F3

ψ

� ψ

�

F2
d−−−−→ F1

Let (eρ)ρ∈R be free generators for F3, set bρ := ψ(eρ) ∈ Im(d) and calculate
preimages uρ of the bρ. Then a map ψ of the desired kind is constructed by
setting ψ(eρ) := uρ. This situation comes up when lifting cocycles to chain
maps in order to compute the Yoneda product of two cohomology classes.



46 3 Constructing minimal resolutions

Tools for computing preimages were created in Sect. 3.1. Set F := F2⊕F1,
choose an elimination ordering on E(F ) and use ElimBuchberger to calculate
a preimage Gröbner basis for Im(d).

Algorithm 3.35 (Lift).
Input: Family (bρ)ρ∈R in Im(d), preimage Gröbner basis fT for Im(d).
Output: Preimages (uρ)ρ∈R.

FOR each ρ ∈ R DO uρ := bρ END FOR
WHILE there are ρ ∈ R with LM (uρ) in F1 DO

Find τ ∈ T and B ∈ NX satisfying LM (fτ )B = LM (uρ).
uρ := uρ − LC (uρ).fτ ∗B.

END WHILE

Proposition 3.36. The algorithm Lift stops in finite time. At the end each
uρ lies in F2 and satisfies d(uρ) = bρ.

Proof. By part 3 of Proposition 3.4, such τ,B can always be found. The result
follows. ��
Now we shall state a version of Algorithm 3.35 Lift suitable for implementa-
tion. As in Sect. 3.1, for a reduction system fR set

R1 := {ρ ∈ R | uρ ∈ F \ F2} .

Algorithm 3.37 (Implementation of Lift).
Input: Family (bρ)ρ∈R in Im(d), preimage Gröbner basis fT for Im(d).
Output: Preimages (uρ)ρ∈R.
Order E(F ) as in Example 3.3.
Observe that T1 = T .

FOR each ρ ∈ R DO uρ := bρ END FOR
Write down Π0(fT ).
FOR d ≥ 0 DO

WHILE there are ρ ∈ R1 with dim(uρ) = d DO
Choose a ρ ∈ R1 with LM (fρ) as large as possible.
Find τ ∈ T and B ∈ NX which satisfy LM (fτ )B = LM (uρ).
uρ := uρ − LC (uρ).fτ ∗B

END WHILE
IF R1 is empty THEN stop algorithm END IF
Calculate Πd+1(fT ) from fT and Πd(fT ).
Discard Πd(fT ).

END FOR



4 Gröbner bases for graded commutative
algebras

Let p be an odd prime and k a field of characteristic p. Cohomology rings
over k are not commutative but rather graded commutative. So if x and y
are homogeneous cohomology classes in degrees n and m respectively, then
one has y.x = (−1)nmx.y rather than y.x = x.y. Consequently free graded
commutative algebras are not in general polynomial algebras. So as we want
to work with presentations of cohomology rings, we will need Gröbner bases
for graded commutative rings. I know of no such theory in the literature, and
so one will be developed here. Note that there is more than one possibility
for such a theory.

If y is an element of a graded commutative algebra which is homogeneous
of odd degree, then the relation y2 = 0 is automatic. Relations of this kind
hold even in free graded commutative algebras. This leads one to suspect
that they will enjoy a privileged status in the desired Gröbner basis theory.
The Gröbner bases that we shall now develop were designed with the aim
of abolishing as far as possible the privileged status of these “structural”
relations, in order to make the resultant methods easier to implement.

This principle that the Gröbner basis methods should be easy to imple-
ment actually leads to a different kind of Gröbner bases: not Gröbner bases
for ideals in graded commutative algebras but rather Gröbner bases for right
ideals in certain algebras which I shall call Θ-algebras. A Θ-algebra is what
you get when you take the presentation as an associative algebra of a graded
commutative algebra and then remove the relation y2 = 0 for each odd di-
mensional free generator.

One sees from this definition of a Θ-algebra that a Θ-algebra has the same
underlying vector space as the polynomial algebra on the same generators,
but a different multiplication. In particular the bases of monomials is only
closed up to sign under multiplication in the Θ-algebra. This means that
we cannot use E. Green’s Gröbner bases for algebras with a multiplicative
basis [41, 42].

The Gröbner bases we shall develop for right ideals in Θ-algebras bear
a strong resemblance to commutative Gröbner bases. A good text on these,
the most widely known Gröbner bases, is Chapter 15 of Eisenbud’s book [31].
The main difference is that at the start of the Buchberger Algorithm one has
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explicitly to add the element y2 to the generating set of the right ideal for
each odd dimensional generator y of the Θ-algebra.

Section 4.1 starts with the definition of a Θ-algebra and proceeds to establish
some results on the structure of such algebras which will be needed to set
up Gröbner bases for them. For example, right ideals satisfy the ascending
chain condition (Proposition 4.16), every right ideal of interest to us is a
two-sided ideal (Proposition 4.18), and any two monomials have a highest
common factor and a lowest common multiple (Lemma 4.22).

Gröbner bases for right ideals in Θ-algebras are introduced in Sect. 4.2. As
usual there is a Buchberger Algorithm for constructing Gröbner bases. The
remaining sections contain applications: Sect. 4.3 describes how to calculate
the kernel of a homomorphism of graded commutative algebras, and Sect. 4.4
introduces Gröbner bases for right modules over a Θ-algebra. These can be
used to determine the intersection of two ideals and the annihilator of an
element.

Remark 4.1. There is more than one way to set up Gröbner bases for graded
commutative algebras. Here are some advantages of the current approach:

– As far as possible, the “structural” relations y2 = 0 are treated in exactly
the same way as the remaining relations. This makes it easier to list the
critical pairs1.

– Elements of a Θ-algebra may be represented as polynomials. The polyno-
mial is unique, and every polynomial can occur.

– Gröbner bases for right ideals in a Θ-algebra are analogous to the usual
commutative Gröbner bases. Gröbner bases for two-sided ideals would be
more complicated as they would share at least some of the characteristics
of noncommutative Gröbner bases.

Remark 4.2. If p = 2 then the cohomology algebra H∗(G) is a commutative
k-algebra. So in this case one can use commutative Gröbner bases. A good
source is Chapter 15 of Eisenbud’s book [31].

Remark 4.3. The Gröbner bases we develop here have nothing to do with
the Gröbner bases of Chap. 2. The Gröbner bases of that chapter are for
modules over the group algebra of a p-group and are used to construct mini-
mal resolutions. The Gröbner bases of the current chapter are for right ideals
in Θ-algebras and are required in order to be able to compute in graded
commutative algebras such as cohomology rings.

4.1 The structure of Θ-algebras

Definition 4.4. Let k be a field of odd characteristic p. Let z1, . . . , zn be
indeterminates, each equipped with a degree |zi| = ti > 0.
1 Pairs of relations whose leading monomials have a common factor.
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1. The Θ-algebra A = Θ(z1, . . . , zn) on zi over k is defined as the associative
algebra

Θ(z1, . . . , zn) := k〈z1, . . . , zn〉/(zjzi − (−1)titjzizj for 1 ≤ i < j ≤ n) .

The ordered n-tuple (z1, . . . , zn) is part of the structure of the Θ-algebra A.
2. P (A) := k[z1, . . . , zn] is called the associated polynomial algebra of the Θ-

algebra A. We shall denote multiplication in P (A) by ∗P to distinguish
it from multiplication in A.

3. The family B = B(A) of elements of A is defined as follows:

B := {zm1
1 · · · zmn

n | (m1, . . . ,mn) ∈ N
n} .

The following lemma hardly requires a proof.

Lemma 4.5. Let A = Θ(z1, . . . , zn) be a Θ-algebra.

1. The family B = B(A) is k-basis of A.
2. B is a k-basis of the associated polynomial algebra P (A) and closed under

multiplication ∗P in the polynomial algebra.
3. For every pair b1, b2 ∈ B there is exactly one ε12 ∈ {−1, 1} satisfying

b1b2 = ε12b1 ∗P b2.
Proof. Order the monomials of k〈z1, . . . , zn〉 with the length-lexicographical
ordering induced by zn > · · · > z1. The reduction system

{zjzi − (−1)titjzizj | 1 ≤ i < j ≤ n} (ti = |zi|)
has no inclusion ambiguities and all overlap ambiguities are resolvable. So
the Diamond Lemma [12] tells us that B is a basis. The rest is then clear. ��
Example 4.6. Let A be the algebra Θ(y, z) with y and z one-dimensional.
Then yz.y = −y2z and yz ∗P y = y2z. Hence in this case we have yz.y =
−yz ∗P y.
Remark 4.7. More generally, if w is an arbitrary word in the generators of
a Θ-algebra A then there are unique bw ∈ B and εw ∈ {−1, 1} satisfying
w = εwbw. For any two words v, w one has vw = ±wv.
Remark 4.8. In general though, elements of a Θ-algebra do not commute,
even up to a sign. For example, if y, z are both 1-dimensional then neither
(y + z)y = y(y + z) nor (y + z)y = −y(y + z) holds in Θ(y, z).

Definition 4.9. Let A be a Θ-algebra. A total ordering ≤ on B(A) shall be
called useable if for all b, b1, b2 ∈ B it satisfies

If b1 ≤ b2 then b1 ∗P b ≤ b2 ∗P b.
Useable orderings exist for every Θ-algebra.



52 4 Gröbner bases for graded commutative algebras

Example 4.10. The graded lexicographical ordering ≤grlex is defined by

b1 ≤grlex b2 ⇔ deg(b1) < deg(b2), or deg(b1) = deg(b2) and b1 ≤lex b2

This ordering is useable.

Remark 4.11. Let A be a Θ-algebra. By definition A is finitely generated and
each generator is in positive degree. Therefore:

1. B(A) has a smallest element for the ordering ≤grlex, namely 1.
2. The set {b ∈ B | b ≤grlex b0} is finite for each b0 ∈ B, as {b ∈ B | |b| ≤ n}

is finite for each n ≥ 0,
3. ≤grlex is a well ordering.

Remark 4.12. Each element a of the Θ-algebra A has a support supp(a) ⊆ B.
If a useable ordering has been chosen then each a �= 0 has a leading monomial
LM (a) ∈ B.

Lemma 4.13. Let a1, a2 be elements of a Θ-algebra A. If a1a2 = 0 then at
least one of a1, a2 must be zero. If a1a2 is a term (that is, its support has size
one), then both a1 and a2 are terms.

Proof. Choose a useable ordering and assume that a1, a2 are both nonzero.
For i = 1, 2 let λibi be the leading term of ai. The product of these two terms
is ±λ1λ2b1 ∗P b2, and no other product of a term in a1 with a term in a2 can
produce a scalar mutliple of b1 ∗P b2. The analogous statement holds for the
product of the two smallest terms. ��
Definition 4.14. A monomial ideal in the Θ-algebra A is an ideal which is
generated by a subset of the basis B(A).

Remark 4.15. Here we need not distinguish between left, right and two-sided
ideals, because the left and the right ideal generated by a subset of B coincide.

Proposition 4.16. Right ideals in a Θ-algebra satisfy the ascending chain
condition.

Proof. Let I be a right ideal in the Θ-algebra A. Order B(A) with the graded-
lexicographical ordering, set

LM (I) = {LM (f) | f ∈ I \ {0}} ⊆ B

and write LT (I) for the subspace of A with k-basis LM (I). Then LT (I) is
a monomial ideal in A. As B is also a k-basis of the associated polynomial
algebra P (A), we may also view LT (I) as a monomial ideal in P (A). Since
P (A) is noetherian there is a finite subset S ⊆ LM (I) ⊆ B which generates
LT (I) as an ideal in P (A). Then S also generates LM (I) as a right ideal
in A.
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Now choose for each s ∈ S an fs ∈ I with LT (fs) = 1.s. Denote by J the
right ideal in A generated by the finite set {fs | s ∈ S}. Clearly J ⊆ I. If
J is not equal to I then there is an f ∈ I \ J such that LM (f) ≤grlex LM (g)
for every g ∈ f + J , for ≤grlex is a well-ordering. As however the term LT (f)
lies in LT (I) there are s ∈ S and a term t satisfying LT (f) = st. But this
leads to a contradiction, because then g := f − fst lies in f + J and satisfies
LM (g) <grlex LM (f). ��
Remark 4.17. If x1, . . . , xn are even- and y1, . . . , ym odd-dimensional then
the free graded commutative algebra on the xi and the yj is the quotient of
the Θ-algebra on the same generators by the relations y2

i = 0 for 1 ≤ i ≤ m.

Proposition 4.18. Let A be the Θ-algebra Θ(x1, . . . , xr, y1, . . . , ys), where
each xi is even- and each yj odd-dimensional. Let I be a homogeneous right
ideal in A. If y2

j ∈ I for every 1 ≤ j ≤ s, then I is a two-sided ideal.

The proof of the proposition requires a special case of the following lemma.
Later on in Theorem 4.31 we shall use the lemma in its full generality.

Lemma 4.19. Let A be the Θ-algebra Θ(x1, . . . , xr, y1, . . . , ys), where each
xi is even- and each yj odd-dimensional. Let f1, . . . , ft be elements of A
which are homogeneous of degree n, and g1, . . . , gt elements of A which are
homogeneous of degree m. Set ε := (−1)mn and define

Φ :=
t∑

i=1

gifi − ε

t∑

i=1

figi .

Then there are elements h1, . . . , hs of A with the following properties:

1. Each hj is either zero or homogeneous of degree n+m− 2.
2. Φ =

∑s
j=1 y

2
jhj.

3. supp(y2
jhj) ⊆ supp(Φ) for each j.

Proof. If b, b′ are monomials of degree n, m which do not satisfy b′b = εbb′

then gcd(b, b′) involves at least one of the yj . ��
Proof (of Proposition 4.18). For each homogeneous f ∈ A and for each gen-
erator z of A, Lemma 4.19 implies that

zf − (−1)µνfz lies in I. (4.1)

Here µ is the degree of f and ν that of z. Now let b be an element of B. We
shall prove by induction on the degree of b that bI is a subset of I. If b is a
generator of A then the result follows from (4.1). If it is not then there are
b1, b2 ∈ B satisfying b = ±b1b2 and both of positive degree. As their degrees
are less than that of b we deduce that b2I ⊆ I and b1I ⊆ I from the inductive
hypothesis. ��
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Example 4.20. Let a and b have degree 1. The right ideal generated by a+ b
in Θ(a, b) is not a two-sided ideal, as it does not contain a2 + ab.

Definition 4.21. Let A be a Θ-algebra and b1, b2 elements of B(A). The
greatest common denominator gcd(b1, b2) ∈ B and the least common multiple
lcm(b1, b2) ∈ B are defined as follows:

gcd(b1, b2) := gcd of b1, b2 in P (A)
lcm(b1, b2) := lcm of b1, b2 in P (A)

These definitions make sense, as we shall now see:

Lemma 4.22. Let A be a Θ-algebra and b1, b2 elements of B.

1. If there are a, f1, f2 ∈ A with af1 = b1 and af2 = b2, then there is exactly
one f ∈ A with af = gcd(b1, b2).

2. If there are a, f1, f2 ∈ A with b1f1 = a and b1f2 = a, then there is exactly
one f ∈ A with lcm(b1, b2)f = a.

Proof. In both parts the uniqueness of f follows from Lemma 4.13. In the
first part it follows from the same lemma that a, f1, f2 are terms2. So there
is an f ′ ∈ A such that a ∗P f ′ = gcd(b1, b2), as P (A) is a polynomial algebra.
But af = ±a ∗P f ′.

Lemma 4.13 also implies that it suffices to prove the second part for terms
a, f1 and f2. Again, we use the corresponding result for P (A). ��
Lemma 4.23. Let A be a Θ-algebra and ≤ a useable ordering on the k-basis
B(A). The following statements are equivalent:

1. ≤ is a well-ordering.
2. 1 is the smallest element of B.

Proof. Suppose there is a b ∈ B with b < 1. Write b∗n for the nth ∗P -power
of b. So b∗n = ±bn and b∗3 = b ∗P b ∗P b. Then 1 > b > b∗2 > · · · > b∗n >
b∗n+1 > · · ·.

Now suppose that 1 is the smallest element of B and let bn be a decreasing
sequence in B. Let I be the monomial ideal in P (A) generated by the bn. As
P (A) is noetherian there is an n0 ≥ 1 such that I is generated by b1, . . . , bn0 .
So for each n > n0 there are m = m(n) ∈ {1, . . . , n0} and b̄ = b̄(n) ∈ B,
satisfying bn = bm ∗P b̄. But then

bm = bm ∗P 1 ≤ bm ∗P b̄ = bn ≤ bn0 ≤ bm ,

and so bn = bn0 for all n ≥ n0. ��
2 A term is a scalar multiple of a monomial, and a monomial is an element of B.
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4.2 Gröbner bases for right ideals

We now know the structure of Θ-agebras well enough to set up Gröbner
bases in this context. These are modelled on Gröbner bases for ideals in
(commutative) polynomial algebras, as described in Chapter 15 of Eisenbud’s
book [31].

4.2.1 Gröbner bases and the Division Algorithm

Definition 4.24. Let I be a right ideal in the Θ-algebra A and fS = (fs)s∈S
a family of nonzero elements of I. Assume a useable ordering on B(A) has
been chosen.

1. LM (fS) denotes the family {LM (fs) | s ∈ S}.
2. Denote by 〈LM (fS)〉 the ideal generated by LM (fS) in the free commuta-

tive monoid (B, ∗P ). Hence 〈LM (fS)〉 is a k-basis for the monomial ideal
LM (fS)A.

3. fS is a Gröbner basis for the right ideal I if

〈LM (fS)〉 = LM (I \ {0}) .

4. fS is a minimal Gröbner basis for the right ideal I if LM (fS) is a minimal
generating set for the ideal LM (I \ {0}) in (B, ∗P ).

Remark 4.25. Consequently minimal Gröbner bases are always finite.

Hypothesis 4.26. Let A be a Θ-algebra, I a homogeneous right ideal in A,
fS = (fs)s∈S a family of homogeneous nonzero elements of I and ≤ a useable
ordering on B(A).

Proposition-Definition 4.27. (cf. [31, p. 334])
Assuming Hypothesis 4.26 one has:

1. For each f ∈ A there is an f ′ ∈ A, an n ≥ 0 and triples (si, bi, λi) for
1 ≤ i ≤ n satisfying the following conditions:
a) si ∈ S, bi ∈ B and λi ∈ k× for each i.
b) f = f ′ +

∑n
i=1 λifsibi.

c) If f ′ �= 0 then LM (f ′) �∈ 〈LM (fS)〉.
d) LM (fsi

bi) > LM (fsj
bj) for i < j.

e) If f ′ �= 0 and n ≥ 1 then LM (fsnbn) > LM (f ′).
We shall call such an f ′ a reduced form of f over (≤, fS). The following
properties also hold:
f) If n ≥ 1 then f is nonzero and LT (f) = λ1LT (fs1b1).
g) If s1, . . . , sr are known for some r ≤ n then the bi and the λi are

uniquely determined for i ≤ r. If n und s1, . . . , sn are known then f ′

is uniquely determined.
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2. For each f ∈ A there is an f ′ ∈ A, an n ≥ 0 and triples (si, bi, λi) for
1 ≤ i ≤ n which satisfy the above conditions (a), (b) and (d) and also

(c′) supp(f ′) ∩ 〈LT (fS)〉 = ∅.
We shall call f ′ a completely reduced form of f over (≤, fS). Property (g)
above also holds here.

Proof. Part 1: If f = 0 or LM (f) �∈ 〈LM (fS)〉 then set n = 0 and f ′ = f .
Otherwise there is a triple (s1, b1, λ1) such that f1 := f − λ1fs1b1 satisfies
either f1 = 0 or LM (f1) < LM (f). If there are s �= s′ ∈ S such that LT (f)
is divisble by LT (fs) and by LT (fs′), then there is more than one possibility
for s1. But one s1 has been chosen, b1, λ1 and f1 are uniquely determined.

Iterating we obtain a sequence f0 = f, f1, f2, . . . for which the sequence
LM (fi) is strictly decreasing. This sequence (fi) is finite, because every mono-
mial LM (fi) lies in the finite set

µ(f) = {b ∈ B | ∃b′ ∈ supp(f) with |b| = |b′|} .
Part 2: First calculate a reduced form g of f . If the intersection supp(g) ∩
〈LM (fS)〉 is not empty, set h := g−LT (g). Then h is nonzero and LM (h) <
LM (f). We may assume that h has a completely reduced form h′, for as in
Part 1 the induction is well-founded. Then LT (g)+h′ is a completely reduced
form of f . ��
Remark 4.28. Hypothesis 4.26 therefore implies that every Gröbner basis for
the right ideal I is also a generating set for I. For the only possible reduced
form for an element of I is 0.

4.2.2 The Buchberger Algorithm

The Buchberger Criterion for being a Gröbner basis will now be presented,
and then the Buchberger Algorithm for constructing a Gröbner basis. On the
way we shall need some more definitions.

Definition 4.29. Assume Hypothesis 4.26. Let s, t be elements of the index
set S. Lemma 4.13 implies that there are unique terms τs, τt satisfying

LT (fs)τs = lcm(LM (fs),LM (ft)) = LT (ft)τt .

The S-polynomial σst = σ(fs, ft) is defined by

σst := fsτs − ftτt .

It follows that b < lcm(LM (fs),LM (ft)) for every b ∈ supp(σst).

Definition 4.30. Assume Hypothesis 4.26.

1. A homogeneous element f ∈ A is called weakly reducible if either f = 0
or there are s1, . . . , sr ∈ S and homogeneous elements g1, . . . , gr ∈ A\{0}
satisfying the following conditions:
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a) f =
∑r
i=1 fsigi.

b) LM (fsigi) ≤ LM (f) for every i.
Note in particular that f is weakly reducible if it has 0 as a reduced form.

2. Let s, t be elements of S. The S-polynomial σst is called weakly resolvable
if there are s1, . . . , sr ∈ S and homogeneous elements g1, . . . , gr ∈ A\{0}
satisfying:
a) σst =

∑r
i=1 fsigi.

b) LM (fsigi) < lcm(LM (fs),LM (ft)) for every i.
So if σst is weakly reducible then it is weakly resolvable, but the reverse
implication may well be false.

Recall that the generating set of a Θ-algebra is part of its structure.

Theorem 4.31 (Buchberger Criterion). (cf. [31, p. 336])
Let I be a right ideal in the Θ-Algebra A and fS a family of elements of I,
as in Hypothesis 4.26. Assume further that fS generates I as a right ideal.
Then the following statements are equivalent:

1. fS is a Gröbner basis for the right ideal I.
2. Every reduced form of σst is zero for all s, t ∈ S.
3. σst has zero as a reduced form for all s, t ∈ S.
4. σst is weakly resolvable for all s, t ∈ S.

If moreover z2 is weakly reducible for every odd-dimensional generator z of A,
then each of the following statements is equivalent to the first four statements.

5. Statement 2 holds for all s, t with gcd(LM (fs),LM (ft)) �= 1.
6. Statement 3 holds for all s, t with gcd(LM (fs),LM (ft)) �= 1.
7. Statement 4 holds for all s, t with gcd(LM (fs),LM (ft)) �= 1.

We shall see in Example 4.33 that Statements 1. and 7. are not equivalent
without the condition on the z2.

Proof. Each statement follows from 1. and implies 7. Each of the first four
statements also implies 4. The proof that 4. implies 1. is directly analogous
to the proof of [31, Theorem 15.8].

It remains to show that 7. implies 4. Denote by y1, . . . , yN the odd-
dimensional generators of A. For s ∈ S write bs = LM (fs), τs = LT (fs)
and hs = τs− fs. Hence fs = τs−hs. Suppose s, t ∈ S satisfy gcd(bs, bt) = 1.
Define ε ∈ {+1,−1} by bsbt = εbtbs. Then σst is a scalar multiple of
fsτt − εftτs. Showing that σst is weakly resolvable means showing that
fsτt − εftτs =

∑m
i=1 fsigi for suitable s1, . . . , sm ∈ S and gi ∈ A \ {0}

satisfying LM (fsi
gi) < bs ∗P bt for each i. But

fsτt − εftτs = εhtτs − hsτt

= εhtfs − hsft + (εhths − hsht)
= fsht − εfths − Φ
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where Φ is defined by Φ := (fsht + hsft − hsht) − ε(htfs + fths + hths).
By assumption fs, ft are homogeneous. Since bs, bt have no common factor,
ε = (−1)|fs|.|ft|. Now, Lemma 4.19 tells us that there are φ1, . . . , φN in A

that satisfy Φ =
∑N
j=1 j

2
jφj as well as for each j the condition supp(y2

jφj) ⊆
supp(Φ). So if each y2

j is weakly reducible we obtain the required expression
for fsτt − εftτs. ��
Theorem 4.32 (Buchberger Algorithm). (cf. [31, p. 337])
Let A be the Θ-algebra Θ(x1, . . . , xM , y1, . . . , yN ), where each xi is even-
and each yj is odd-dimensional. Let ≤ be a useable ordering on B(A) and
I a homogeneous right ideal in A. Let fS = (fs)s∈S be a finite family of
homogeneous nonzero elements of A which generates I.

Assume further that each y2
j is contained in I and weakly reducible

over fS.
If at least one step of the following two types is possible, then carry one

out to obtain a new family fU .

Type 1 step Pick an unordered pair {s, t} ⊆ S and calculate a reduced form
f ′ over fS of its S-polynomial σst. If f ′ = 0 then set U := S, otherwise
set U := S � {u0} and fu0 := f ′. Set T := S in both cases.
Qualification: Only use pairs which satisfy gcd(LM (fs),LM (ft)) �= 1 and
for which this step has not been carried out before.

Type 2 step Pick s ∈ S, set T := S \ {s} and calculate a reduced form f ′ of
fs over fT . Set U := T if f ′ = 0, otherwise set U := T � {u0} and
fu0 := f ′.
Qualification: LM (fs) must lie 〈LM (fT )〉. That is, there is a t ∈ T and
a term τ satisfying LT (fs) = LT (ft)τ .

We then obtain a sequence fS(0), fS(1), . . . by setting S(0) = S and fS(n+1)
to be the fU for fS(n). This sequence has finite length and the last term fS(n)
is a minimal Gröbner basis for I.

Proof. The monomial ideal 〈LT (fU )〉 contains 〈LT (fS)〉, and they are equal
if and only if T = U . As monomial ideals are also ideals in the polynomial
algebra P (A) they satisfy the ascending chain condition. So after finitely
many steps one has T = U . But then the sequence stops after finitely many
steps: if T = U for a Type 2 step then U is a proper subset of S, and if T = U
for a Type 1 step then U = S and there are only finitely many pairs s, t to
work through.

Clearly fU and fS generate the same right ideal in A. If f ∈ A is weakly
reducible over fS , then it is weakly reducible over fU too. Similarly for t, t′ ∈
T : σtt′ is weakly reducible over fU if it is over fS . For the last term fS(n) of the
sequence no Type 1 steps are possible, and so Statement 7. of Theorem 4.31
is satisfied. The assumption on the odd-dimensional generators ensures then
that fS(n) is a Gröbner basis for I. Since no Type 2 steps are possible, this
Gröbner basis is minimal. ��
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Example 4.33. Let A be Θ(a, b, c, d, x, y), where the generator degrees are
|x| = |y| = 2, |a| = |b| = 1 and |c| = |d| = 3. Assume the ground field k has
characteristic greater than 2. Define fi ∈ A for 1 ≤ i ≤ 12 as follows:

f1 := a2 f2 := b2 f3 := ax− c− d f4 := by − c+ d

and

f5 := ac+ ad f6 := bc− bd f7 := c2 + d2 f8 := abd
f9 := bd2 f10 := ad2 f11 := cd2 − d3 f12 := d3 .

Set S := {1, 2, 3, 4} and R := {1, . . . , 12}, and let I be the right ideal gen-
erated by fS . Applying the Buchberger Algorithm to fS produces fR. The
equations

f2
3 − f1x

2 = c2 + d2 and f3f4 + f4f3 = 2(c2 − d2)

imply that c2 and d2 lie in I. This means that fR cannot possibly be a
Gröbner basis for I, for 〈LM (fR)〉 does not contain d2. But fR does satisfy
Statement 7. of Theorem 4.31. We deduce that c2 and d2 are not weakly
reducible over fR, and therefore not over fS either.

Conclusion: At the start of the Buchberger Algorithm it is essential to
ensure that y2 is weakly reducible for each odd-dimensional generator y. The
simplest way to ensure this is to append the y2 to the family fS .

4.3 The kernel of an algebra homomorphism

At one point in Carlson’s Completeness Criterion one has to compute the
kernel of the restriction map from H∗(G) to H∗(H) for each maximal subgroup
H ≤ G. So we need to be able to determine the kernel of a map of graded-
commutative algebras.

Let A = Θ(z1, . . . , zn) and B = Θ(w1, . . . , wm) be Θ-algebras, let I ⊆ A
and J ⊆ B be two-sided ideals and let φ:A/I → B/J be a map of graded
algebras. It is well known that in the commutative case the kernel of φ can
be determined by elimination. The first step is to lift φ to a map Φ:A → B
of algebras.

Great care has to be taken when applying elimination methods to the
case where A and B are Θ-algebras. Firstly, it is not always possible to
lift to a map of graded algebras Φ:A → B (cf. Example 4.34). Secondly,
Example 4.35 shows that the evaluation map A⊗kB → B/J is not in general
a map of graded algebras. But if the algebras A/I and B/J are both graded
commutative, then the kernel can be computed.

Example 4.34. Let A = B = Θ(y1, y2) with |yi| = 1, and let I = J = (y2
1 , y

2
2).

Define a map of graded algebras φ:A/I → B/J by y1 + I �→ y1 + y2 + J and
y2 + I �→ y2 + J . The only possibility for a lift Φ is Φ is y1 �→ y1 + y2 and
y2 �→ y2. But then Φ does not respect the relation y2y1 = −y1y2.
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For φ:A/I → B/J as above, let C be the Θ-algebra Θ(w1, . . . , wm, z1, . . . , zn)
which contains both A and B as subalgebras. Let Γ ⊆ C be the two-sided
ideal generated by

{b− a | a ∈ A, b ∈ B and φ(a+ I) = b+ J} .
We must calculate the two-sided ideal K := {a ∈ A | a+ I ∈ Ker(φ)} in A.

Example 4.35. Let A = B = Θ(y) with |y| = 1 and let φ:A → B be the
identity map. Then C is the Θ-algebra Θ(yB , yA). There is no map C → B
of graded algebras sending both yA and yB to y, as it would be impossible
to preserve the relation yByA = −yAyB .

Lemma 4.36. If B/J is graded commutative then A ∩ Γ = K.

Proof. Clearly K ⊆ A ∩ Γ . Now let η:C → B/J be the map of graded
algebras which sends wj to wj + J and zi to φ(zi + I). This is indeed a map
of graded algebras, because the graded commutativity of B/J means that
the relation zi . wj = (−1)|zi|.|wj |wj . zi is preserved. It is immediate from the
definitions that Γ ⊆ Ker(η). Equally it is clear that A∩Ker(η) lies in K. ��
The elimination ordering Lemma 4.36 means that the kernel of a map of
graded commutative algebras can be found by elimination. Elimination is a
special case of the Buchberger Algorithm which uses an elimination ordering.

Definition 4.37. Let ≤ be a useable ordering on B(C). Each b ∈ B(C)
is assigned an elimination dimension edim(b) by setting edim(zi) = 0 and
edim(wj) = |wj |. The elimination ordering ≤elim on B(C) is then defined for
all b, c ∈ B(C) as follows:

b ≤elim c :⇐⇒ |b| < |c|; or
|b| = |c| and edim(b) < edim(c); or
|b| = |c|, edim(b) = edim(c) and b ≤ c.

Corollary 4.38. Suppose we are given Θ-algebras A = Θ(z1, . . . , zn) and
B = Θ(w1, . . . , wm), together with two-sided homogeneous ideals I ⊆ A and
J ⊆ B such that B/J is a graded commutative algebra. Let φ:A/I → B/J
be a map of graded algebras and let ≤ be a useable ordering on B(C), where
we set C := Θ(w1, . . . , wm, z1, . . . , zn). Let Γ ⊆ C be the two-sided ideal
generated by the set

{b− a | a ∈ A, b ∈ B and φ(a+ I) = b+ J}
Suppose fS := (fs)s∈S is a family of homogeneous elements of C which form
a minimal Gröbner basis for the right ideal Γ with respect to the elimination
ordering ≤elim on B(C). Set T := {s ∈ S | LM ≤elim(fs) ∈ B(A)}. Then fT is
a minimal Gröbner basis for the homogeneous right ideal

K := {a ∈ A | a+ I ∈ Ker(φ)} .
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Proof. The elimination ordering is constructed to ensure that LM ≤elim(fs)
lies in B(A) if and only if fs ∈ A. ��
Example 4.39. Choose the ordering ≤grlex of Example 4.10 on B(C). Let
≤elim be the corresponding elimination ordering. The following orderings on
B(A) coincide:

1. The ordering ≤grlex on B(A);
2. The restriction to B(A) of the ordering ≤grlex on B(C);
3. The restriction to B(A) of the ordering ≤elim on B(C).

Hence the family fT in Corollary 4.38 is a minimal Gröbner basis for K with
respect to the usual graded-lexicographical ordering ≤grlex on B(A).

Example 4.40. The ordering ≤coho is defined in Definition 5.9. If B(A) and
B(B) are ordered with this ordering, then one can order B(C) with this
ordering: for the y-degree and the r-dimension of each generator of C are
known. Now let ≤elim be the corresponding elimination ordering on B(C).
Then the following orderings on B(A) coincide:

1. The ordering ≤coho on B(A);
2. The restriction to B(A) of the ordering ≤coho on B(C);
3. The restriction to B(A) of the ordering ≤elim on B(C).

So the family fT of Corollary 4.38 is a minimal Gröbner basis for K with
respect to the ordering ≤coho on B(A). This is the ordering used in the package
Diag.

Remark 4.41. In these two cases (Examples 4.39 and 4.40) one can therefore
use the Buchberger Algorithm (Theorem 4.32) to construct a minimal Gröb-
ner basis for K, provided that the algebra A/I is also graded commutative.
For this we have to construct a finite family fS of homogeneous elements of
C which generates Γ as a right ideal. An fS of this kind can be obtained as
the union of three families:

– A minimal Gröbner basis for I;
– A minimal Gröbner basis for J ;
– {hi − zi | 1 ≤ i ≤ n}. Here hi is the unique completely reduced element of

the coset φ(zi + I) ∈ B/J .

This fS contains minimal Gröbner bases for I and J , and so y2 is weakly
reducible over fS for each odd-dimensional y ∈ {w1, . . . , wm, z1, . . . , zn}. So
the right ideal generated by fS is two-sided. Moreover (b1 − a1)b2 + a1(b2 −
a2) = b1b2 − a1a2 for a1, a2 ∈ A and b1, b2 ∈ B with bi +J = φ(ai + I). Since
b1b2+J = φ(a1a2+I), the ideal generated by fS is indeed Γ . The hypotheses
of Theorem 4.32 are satisfied.
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4.4 Intersections and Annihilators:
Gröbner bases for modules

We shall now generalise Gröbner bases for right ideals in Θ-algebras to Gröb-
ner bases for right modules over Θ-algebras. Again, this is modelled on the
commutative case: indeed Eisenbud [31] defines Gröbner bases for modules
straight away: Gröbner bases for ideals are then merely a very important
special case.

Gröbner bases for modules have many uses. The current version of the
package Diag uses them for two purposes: to compute the intersection of two
ideals and to determine the annihilator of an element.

This section contains nothing really new: the underlying methods are very
well known, and there are no problems adapting them to Θ-algebras.

Definition 4.42. Let A be a Θ-algebra, ≤ a useable ordering on B(A) and
F :=

⊕m
i=1 eiA the free right A-module on generators e1, . . . , em.

1. Denote by B(F ) the following k-basis of F :

B(F ) := {eib | 1 ≤ i ≤ s , b ∈ B(A)} .
2. The operation ∗P : B(F ) × B(A) → B(F ) defined by (eib) ∗P b′ := ei(b ∗P

b′) makes B(F ) a k-basis of the free module P (F ) on the ei over the
associated polynomial algebra P (A). Moreover

(eib)b′ = ei(bb′) = ±ei(b ∗P b′) .
The word “monomial” will also be used for elements of B(F ).

3. An ordering ≤ on B(F ) is useable if for all eib, ejc ∈ B(F ) and b′, c′ ∈
B(A)

If eib ≤ ejc and b′ ≤ c′ then (eib) ∗P b′ ≤ (ejc) ∗P c′.
4. Given a useable ordering on B(F ), the support supp(f) ⊆ B(F ) and the

leading monomial LM (f) ∈ B(F ) of a nonzero f ∈ F are defined in the
usual way.

5. Let M ⊆ F be a submodule and fS = (fs)s∈S a family of nonzero elements
of M . Define LM (fS) and 〈LM (fS)〉 as in Definition 4.24, and also the
concepts Gröbner basis and minimal Gröbner basis for M . In particular,
〈LM (fS)〉 is the submodule of the free (B(A), ∗P )-module B(F ) generated
by LM (fS).

6. Assigning each generator ei of F a degree |ei| ∈ Z means that every
eib ∈ B(F ) receives a degree. Set B(F )n := {eib ∈ B(F ) | |eib| = n}
and Fn := {f ∈ F | supp(f) ⊆ B(F )n}. Then F =

⊕
n∈Z

Fn. Moreover
B(F )n is finite and Fn = {0} for n sufficiently large and negative. If
f ∈ Fn then f is homogeneous of degree n.

Example 4.43. Given a useable ordering on B(A) and an ordering on the free
generators e1, . . . , em of F we obain a useable ordering on B(F ) by setting

eib ≤ ejc ⇐⇒ ei < ej or ei = ej and b ≤ c .
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Example 4.44. (The elimination ordering)
Let F ′ and F ′′ be free right A-modules, and assume useable orderings on
B(A), B(F ′) and B(F ′′) have been chosen. Setting F := F ′ ⊕ F ′′ we have
B(F ) = B(F ′) � B(F ′′). We extend the orderings on B(F ′) and B(F ′′) to an
ordering on B(F ) by setting b′′ < b′ for all b′ ∈ B(F ′) and b′′ ∈ B(F ′′). For
f ∈ F \ {0} one then has: LM (f) ∈ B(F ′′) if and only if f ∈ F ′′.

Now let M ⊆ F be a submodule and fS a Gröbner basis for M . Setting
T := {s ∈ S | fs ∈ F ′′} we obtain a Gröbner basis fT for M ∩ F ′′. If fS is
minimal for M then fT is minimal for M ∩ F ′′.

Example 4.45. (The intersection of two right ideals)
Let I and J be right ideals in A. Set F ′ := A, F ′′ := A and F := F ′ ⊕ F ′′.
Order B(F ) with the elimination ordering. Define a submodule M of F by

M := {(i+ j, i) ∈ F | i ∈ I and j ∈ J} .
Then M ∩F ′′ is the set {a ∈ A | (0, a) ∈ M}, that is I ∩J . If fS is a Gröbner
basis for M , set

T := {s ∈ S | There is a gs ∈ A with fs = (0, gs)} .
This defines a family gT which is a Gröbner basis for the right ideal I∩J ⊆ A.

Example 4.46. (The annihilator of an element)
Given a two-sided homogeneous ideal I ⊆ A and a homogeneous element
ζ ∈ A we need to be able to calculate the annihilator AnnA/I(ζ). We shall do
this by calculating the right ideal J ⊆ A defined by J := {a ∈ A | ζa ∈ I}.
Since I is two-sided, I ⊆ J and one has J/I = AnnA/I(ζ).

Again set F := A ⊕ A with the appropriate elimination ordering and
consider the submodule M := {(i + ζa, a) | i ∈ I and a ∈ A} of F . Then
M ∩ F ′′ = {a ∈ A | (0, a) ∈ M} is the desired ideal J . If fS is a Gröbner
basis for M then set

T := {s ∈ S | There is a gs ∈ A mit fs = (0, gs)} .
This defines a family gT which is a Gröbner basis for the right ideal J .

Remark 4.47. The Buchberger Algorithm for right ideals in Θ-algebras as-
sumed that the ideal was homogeneous. This is because there are basically
two ways to ensure that the Division Algorithm in Proposition-Definition 4.27
and the Buchberger Algorithm 4.32 stop: either one requires that the useable
ordering on B(A) is a well-ordering or one restricts to homogeneous ideals
and uses the fact that each B(A)n is finite.

We shall also only establish the Buchberger Algorithm for modules in the
homogeneous case. Note however that Definition 4.42 allows the degrees of
the module generators to be nonzero and to differ from each order. This is
sensible and indeed necessary, as Example 4.46 shows. Here the generators
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of F are e1 := (1, 0) and e2 := (0, 1). If we set |e1| := −|ζ| and |e2| := 0 then
(ζa, a) is homogeneous of degree n for all a ∈ An. Hence the submodule M
is homogeneous.

Remark 4.48. Let I be a two-sided ideal in the Θ-algebra A. More generally,
Gröbner bases and an elimination ordering can be used to determine the
kernel of an arbitrary map of free right A/I-modules.

Remark 4.49. Let I and J be homogeneous right ideals in the Θ-algebra A,
and assume Gröbner bases fS for I and gT for J are known. How should the
computer decide whether I ⊆ J? Answer: By computing a reduced form f ′

s

over gT of each fs. The Buchberger Criterion (Theorem 4.31) says that I ⊆ J
if and only if f ′

s = 0 for all s ∈ S. This method could equally be applied to
any generating set of I.

Hypothesis 4.50. Let A be a Θ-algebra and F :=
⊕m

i=1 eiA the free right
A-module on generators e1, . . . , em. Suppose we are given compatible useable
orderings on B(A) and on B(F ). LetM ⊆ F be a submodule and fS = (fs)s∈S
a family of homogeneous elements of M \ {0}.

Definition 4.51. Assume Hypothesis 4.50. Let s and t be elements of S.
Write LM (fs) = eisbs.

If it �= is then there is no S-polynomial σst. If it = is =: i, then
Lemma 4.13 says there are unique terms τs, τt satisfying

LT (fs)τt = eilcm(bs, bt) = LT (ft)τs .

The S-polynomial σst = σ(fs, ft) is defined by σst := fsτt − ftτs. Hence
c < eilcm(bs, bt) for every c ∈ supp(σst). The definition of “weakly resolvable”
for S-polynomials for modules is analogous to Definition 4.30.

Theorem 4.52 (Buchberger Criterion for modules). (cf. [31, p. 336])
Assume Hypothesis 4.50. Moreover let M be the submodule of fS generated
by F . Denote by C the set of all critical pairs

C := {(s, t) ∈ S2 | There is an S-polynomial σst} .

The following statements are equivalent:

1. fS is a Gröbner basis for the module M .
2. Every reduced form of σst is zero for each (s, t) ∈ C.
3. For each (s, t) ∈ C, zero is a reduced form of f = σst.
4. σst is weakly resolvable for each (s, t) ∈ C.

Proof. Each statement follows from 1. and implies 4. The proof that 4. implies
1. is directly analogous to the proof of [31, Theorem 15.8]. ��
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Example 4.53. Let A be the Θ-algebra Θ(x, y) with |x| = |y| = 2. So A is the
polynomial algebra k[x, y]. Let F be the free right A-module e1A⊕e2A and let
M ⊆ F be the submodule generated by f1 := e1x and f2 := e1y− e2x. Then
f1y − f2x = e2x

2. This is an example of why there are only four equivalent
statements in Theorem 4.52, and not seven as in Theorem 4.31.

Theorem 4.54 (Buchberger Algorithm for modules). (cf. [31, p. 337])
Assume Hypothesis 4.50. Moreover assume fS generates the submodule M .

If at least one step of the following two types is possible, then carry one
out to obtain a new family fU .

Type 1 step Pick an unordered pair s, t ∈ S with s �= t and calculate a
reduced form f ′ over fS of its S-polynomial σst. If f ′ = 0 then set U := S.
Otherwise set U := S � {u0} and fu0 := f ′. Set T := S in both cases.
Qualifications: The S-polynomial σst exists. This step has not yet been
carried out on this pair.

Type 2 step Pick an s ∈ S, set T := S \ {s} and calculate a reduced form
f ′ of fs over fT . If f ′ = 0 then set U := T . Otherwise set U := T � {u0}
and fu0 := f ′.
Qualification: LM (fs) lies in 〈LM (fT )〉. That is, there is a t ∈ T and a
term τ satisfying LT (fs) = LT (ft)τ .

We then obtain a sequence fS(0), fS(1), . . . of families by setting S(0) = S and
fS(n+1) to be the fU for fS(n). This sequence has finite length and the last
term fS(n) is a minimal Gröbner basis for M .

Proof. Analogous to the proof of Theorem 4.32. ��
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Once the first N terms of the minimal resolution are known, one can deter-
mine the presentation (generators and relations) of the cohomology ring out
to degree N . The method was developed by Carlson, E. Green and Schnei-
der [21], and is recalled in Sect. 5.1. Then in Sect. 5.2 we will discuss how
Gröbner bases for kG-modules can be used to carry out this method.

In order to make the relations in the cohomology ring as simple as possible,
one has to take care how one chooses generators. One strategy for choosing
generators is described in Sect. 5.3. One also wants the Gröbner basis for the
relations ideal to be as small as possible, so this section also introduces a
useable monomial ordering which was designed in tandem with the generator
choice strategy.

In Sect. 5.4 we shall consider a technical question that arises when deter-
mining the relations: how best to compute a large batch of product cocycles
in one go. Finally, Sect. 5.5 concerns the restriction map to the cohomology
ring of a subgroup.

5.1 Basics

Let (Pn, dn) be the minimal projective resolution of the trivial kG-module k.
Then Pn is a free kG-module, whose rank we shall denote by β(n). The nth
cohomology group Hn(G) is the additive group HomkG(Pn, k). Since Pn is a
free kG-module, cohomology classes can be represented as vectors in kβ(n),
where the ith component of such a vector is the value of the corresponding
cocycle on the ith free generator.

Each such cocycle φ:Pn → k can be lifted to a kG-linear map φ0:Pn → P0,
which satisfies ε ◦ φ0 = φ. Of course, the map ε:P0 = kG → k here is the
augmentation map, which is the projective cover of k. In turn, one can lift
φ0 to a chain map

· · · −−−−→ Pn+m
dn+m−−−−→ Pn+m−1 −−−−→ · · · −−−−→ Pn

dn−−−−→ Pn−1

φm

� φm−1

� φ0

�

· · · −−−−→ Pm
dm−−−−→ Pm−1 −−−−→ · · · −−−−→ P0

D.J. Green: LNM 1828, pp. 67–80, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Now let ψ:Pm → k be a degree m class. The product1 ψφ is the composition
Pn+m

φm→ Pm
ψ→ k.

One way to determine the ring structure in degrees ≤ N is as follows:

Algorithm 5.1.
Input: Minimal resolution PN

dN→ PN−1 → · · · → P0
ε→ k.

Output: List G of all generators and family fS of all relations in degrees ≤ N .

G := ∅, S := ∅.
FOR 1 ≤ n ≤ N DO

Pn := All products in degree n of elements of G.
Realise each element of Pn as a cocycle.
Zn := subspace of Hn(G) spanned by these cocycles.
Read off new relations and add to fS .
Extend G by adding on a basis for a complement of Zn.

END FOR

The remainder of this chapter is mainly about putting this algorithm into
practice. In particular, the individual steps of the algorithm will be explained
in detail in §5.2.2.

5.2 Practical considerations

5.2.1 Lifts of cocycles

Suppose we are given a map φm−1:Pn+m−1 → Pm−1, such that the image of
φm−1◦dn+m lies in Im(dm). We need to find a kG-linear map φm:Pn+m → Pm
which makes the diagram

Pn+m
dn+m−−−−→ Pn+m−1

φm

� φm−1

�

Pm
dm−−−−→ Pm−1

commute. Let e1, . . . , er and η1, . . . , ηs be the free generators of the free kG-
modules Pn+m and Pn+m−1 respectively. The computer constructs a lift φm
by setting

φm(ei) := a preimage of φm−1dn+m(ei) under dm.

Algorithm 3.37 is used to compute preimages, but we have to consider how
to determine the composition φm−1 ◦ dn+m.
1 This is the Yoneda product. Here it coincides with the cup product.
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The map dn+m is represented on the computer by the images dn+m(e1),
. . . , dn+m(er). In other words, dn+m is represented by its matrix over kG
with respect to the bases ei and ηj . The map φm−1 is also represented by
its matrix, and so we should compute the composition by multiplying these
two matrices. But we have already seen in Sect. 1.4 how to multiply elements
of kG.

Calculating a product Suppose cocycles φ:Pn → k and ψ:Pm → k are given,
and that the lift φm:Pn+m → Pm is known. Then the product ψ.φ is the
cocycle ψ ◦ φm:Pn+m → k. This composition can of course be determined
without multiplying matrices over kG.

Let e1, . . . , er be free generators for Pn+m and ζ1, . . . , ζt free generators
for Pm. The map φm is known to the computer by its matrix M over kG
with respect to these bases. Let M̄ be the matrix over k obtained from M
by applying the augmentation map to each entry.

The cocycle ψ is represented by a vector in kt. Applying the matrix M̄
to this vector yields the vector in kr which represents the cocycle ψ.φ.

5.2.2 Gröbner bases and the visible ring structure

The Algorithm 5.1 will now be described in more detail. Care must be taken
with the way several steps are performed.

The computer uses Gröbner bases to be able to work with relations in the
cohomology ring. The type of Gröbner bases involved depends on the prime
number p.

p odd: Gröbner bases for right ideals in a Θ-algebra are used, as described
in Chap. 4.
Let A be the Θ-algebra Θ(G) and let ≤ be a useable ordering on the
k-basis B(A) for A. One difficulty here is that the generating set G is not
completely known until the end of the algorithm. This is not a problem if
we use the ordering ≤grlex (see Example 4.10), as we kann simply define
each new generator to be larger (lexicographically) than each previously
known generator. Equally unproblematic is the ordering ≤coho which we
shall meet in Definition 5.9: this is the ordering that actually gets used
in the package Diag.
Suppose that the computer has just found a new generator y in odd
degree. As Example 4.33 demonstrates, it is very important that the
Relation y2 is immediately added to the relations in fS .

p = 2: In this case ordinary commutative Gröbner bases are used. Let A be
the polynomial algebra k[G]. For the sake of uniformity, we will stick as far
as possible to the notation introduced for Θ-algebras. So B(A) stands for
the free commutative monoid on G, a k-basis for A. The associated poly-
nomial algebra P (A) now coincides with A, and the product ∗P agrees
with the product on A. The definition of a useable ordering on B(A) is
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then obvious, and corresponds to the definition of a monomial ordering
in [31, S. 328], except that useable orders are not required to be well
orderings. As we however are only interested in homogeneous ideals, this
difference is irrelevant.

The following algorithm is a special case of Algorithm 5.1. It uses Gröbner
basis methods and is explicit enough to be implemented on the computer.
Note that Type 1 steps (calculate and reduce S-polynomial) from the Buch-
berger Algorithm for Θ-algebras are used, but that Type 2 steps (resolve an
inclusion ambiguity) are never used.

Algorithm 5.2.
Input: Minimal resolution PN

dN→ PN−1 → · · · → P0
ε→ k.

Output: List G of all generators in degree ≤ N . Minimal Gröbner basis fS
for the relations in degree ≤ N , together with a minimal generating set for
these relations.

G := ∅, S := ∅.
FOR 1 ≤ n ≤ N DO

Compute and reduce all S-polynomials of degree n.
Pn := all elements of B(A) which are irreducible and lie in degree n.
For each w ∈ Pn calculate the cocycle ζw.
Zn := the subspace of Hn(G) spanned by (ζw)w∈Pn

.
IF dimk(Zn) < |Pn| THEN

Append new relations to fS , using procedure ReadOffRelations.
END IF
IF dimk(Zn) < dimk(Hn(G)) THEN

Choose new generators and add them to G,
using procedure ChooseGenerators.
IF p and n are both odd THEN

For each new y ∈ G append the relation y2 to fS .
END IF

END IF
END FOR
Finish off applying the Buchberger Algorithm to fS .

We have already seen how to compute the product of two cocycles. In Sect. 5.4
we shall discuss efficient methods for the mass production of product cocycles
ζw.

The vector space Zn consists of all the decomposable classes in degree n.

Procedure 5.3 (ReadOffRelations).

Q := ∅
FOR w runs through Pn in increasing order DO

IF there are scalars λv ∈ k with ζw =
∑
v∈Q λvζv THEN

Append w − ∑
v∈Q λvv to fS .
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ELSE
Append w to Q.

END IF
END FOR

Procedure 5.4 (ChooseGenerators).
(The use of this particular method is justified in Sect. 5.3.)
Let Z ≤ G be the greatest central elementary abelian subgroup.

Calculate Nn := Hn(G) ∩ √
0.

Yn := Zn + Nn.
IF dimk(Yn) > dimk(Zn) THEN

Determine a basis for a complement of Zn ∩ Nn in Nn.
Append this basis to G.

END IF
Calculate In := {x ∈ Hn(G) | ResZ(x) is nilpotent}.
Xn := Yn + In
IF dimk(Xn) > dimk(Yn) THEN

Determine a basis for a complement of Yn in Xn.
Append this basis to G.

END IF
IF dimk(Hn(G)) > dimk(Xn) THEN

Determine a basis for a complement of Xn in Hn(G).
Append this basis to G.

END IF

Lemma 5.5. At the end of Algorithm 5.2 the induced homomorphism An →
Hn(G) is surjective for n ≤ N . Moreover, the kernel in this degree is An ∩J ,
where J denotes the ideal generated by fS.

At no point in the algorithm is a Type 2 step (resolution of an inclusion
ambiguity) performed. So no elements are ever removed from the index set S,
and the value of no fs is ever changed.

Hence there are three kinds of relations fs:

1. Reduced forms of S-polynomials.
2. Relations produced by ReadOffRelations.
3. Relations of the form y2, where p and |y| are both odd.

The relations of the last two kinds constitute a minimal generating set for J .

Proof. The relation family fS is determined degree by degree, and so the se-
lection method in ReadOffRelations ensures that inclusion ambiguities2 never
arise.

Strictly speaking though, fS is not built up degree by degree when p is
odd, for the relations y2 with |y| odd are recorded too early. However, an
2 That is, pairs s �= t in S, so that LM (fs) divides LM (fs).
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inclusion ambiguity could only arise if there was an s ∈ S with LM (fs) = y,
and this is impossible as all elements of G correspond to indecomposable
classes. ��

5.3 Monomial ordering and generator choice

To represent the cohomology algebra H∗(G) on the computer we choose ho-
mogeneous generators z1, . . . , zn for H∗(G) and a useable monomial ordering
for the Θ-algebra A := Θ(z1, . . . , zn). Then H∗(G) is the quotient algebra
A/I for a two-sided ideal I, and we compute a minimal Gröbner basis fS for
the right ideal I. As far as the computer is concerned, the cohomology ring
consists of these generators, the chosen monomial ordering and this Gröbner
basis.

It is well known that the size of a Gröbner basis and therefore the perfor-
mance of methods using Gröbner bases depends very heavily on the chosen
monomial ordering, and on the choice of generators. In this section we shall
use properties of cohomology rings to develop some guidelines which at least
empirically lead to suitably small Gröbner bases.

At the point when the computer has to choose generators in degree n it knows
or could compute the following data:

– The cohomology groups H≤n(G)
– The previously chosen generators in degree < n
– All relations in degree ≤ n
– The subspace of decomposable elements in Hn(G)
– The cohomology ring of each proper subgroup.
– The restriction map from H≤n to each proper subgroup.

Conceivably we could switch to different generators later on, but this would
involve a very complicated elimination of generators. So we have:

Guideline 5.1. Generators in degree n must be chosen using only information
in degree ≤ n.

5.3.1 Nilpotent generators

A theorem of Quillen says that a cohomology class is nilpotent if its restriction
to every maximal elementary abelian subgroup is nilpotent. Consequently we
can assume that the subspace of nilpotent classes in degree n is known when
choosing new generators. The following example motivates the next guideline.

Example 5.6. Let p > 2 be a prime and k the field Fp. Let F be the free
graded commutative algebra F := k[x] ⊗k

∧
(y1, y2), where the generator

degrees are given by |x| = 2 and |y1| = |y2| = 1. Let A ⊆ F be the subring
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generated by a := x and b := y1y2. Now, A is also generated by a = x and
c := x+ y1y2. So we obtain two different presentations of A, namely

A = k[a, b]/(b2) and A = k[a, c]/(c2 − 2ac+ a2) .

At least in this case we see that choosing nilpotent generators where possible
leads to a simpler presentation.

Guideline 5.2. Each time new generators are chosen, as many nilpotent ele-
ments as possible should be chosen.

This guideline is implemented by the package Diag as follows: Let V ⊆ Hn(G)
be the subspace of decomposable classes and W ⊆ Hn(G) the subspace of
nilpotent classes. Let d be the codimension of V in Hn and e ≤ d the codi-
mension of V in V +W . Selecting new generators means choosing elements
g1, . . . , gd of Hn which form a basis for a complement of V . In order to con-
form with Guideline 5.2, the computer chooses g1, . . . , ge in W which form a
basis for a complement of V in V +W .

Even within these constraints the package Diag does not choose g1, . . . , ge
at random. Recall that a cohomology class is called essential if its restriction
to every proper subgroup is zero. The essential classes in Hn(G) constitute a
subspace of the nilpotent subspace3, and the computer can also calculate this
subspace. The program first chooses as many essential generators as possible,
and only then turns to the remaining nilpotent classes. It should however be
noted that essential generators are much less common than nilpotent gen-
erators: cohomology rings of 2-groups have no essential generators, and the
extraspecial group of order 73 and exponent 7 seems to be the smallest group
whose cohomology ring does have an essential indecomposable class.

Example 5.7. The algebra A is presented as follows:

A := k[a, b, c, d]/(c2, cd− ab) .

Question: What does the relation cd = ab tell us? Answer: It tells us that ab
is nilpotent, as c is nilpotent. So we should choose a useable ordering that
makes ab the leading monomial of cd− ab.

Requiring ab > cd does indeed lead to a simpler Gröbner basis, namely
{c2, ab− cd}. In contrast cd > ab leads to the larger Gröbner basis {c2, cd−
ab, abc, a2b2}.

Guideline 5.3. The monomial ordering should satisfy the following condition:
If b, b′ are monomials of the same degree and b involves nilpotent generators
but b′ does not, then b < b′.

To comply with this guideline every monomial is assigned a “y-degree”, such
that every nilpotent generator has y-degree 1 and every remaining generator
has y-degree zero. If b, b′ are monomials of the same degree and b′ has smaller
y-degree than b, then we set b < b′.
3 Here we are assuming that the group G is not elementary abelian.
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5.3.2 Regular generators

Let Z be Ω1(Z(G)), the greatest central elementary abelian subgroup of G.
Section 5.5 describes how to compute the restriction map from G to Z. Later
on in Sect. 6.3 we shall see how to identify certain regular sequences by
inspecting their restrictions to Z.

In particular, every element of Hn(G) whose restriction to Z is a regular
element is itself a regular element of H∗(G). We shall call such classes Duflot
regular elements. Regular generators can also help ensure a simple presenta-
tion of the cohomology ring. However it is undesirable to have two regular
generators whose difference is a zero divisor. Ideally all regular generators
should be algebraically independent of each other, but this would be difficult
to guarantee in practice.

Guideline 5.4. Every opportunity to choose a completely new Duflot regular
element as a generator should be acted upon.

In practice this is achieved as follows. Let U ⊆ Hn(G) be the subspace of
elements whose restriction to Hn(Z) is nilpotent. Let V ⊆ Hn(Z)/

√
0 be

the image under restriction of Hn(G), and let W ⊆ V be the image of the
decomposable subspace of Hn(G). First of all as many new generators as
possible are chosen to lie in U . No matter how the remaining generators in
this degree are chosen, their restrictions form a basis for a complement of
W in V .

Guideline 5.5. Regular generators should be very small in the monomial or-
dering. However, Guideline 5.3 takes precedence, and so nilpotent generators
should be infinitely smaller than regular generators.

A motivating example for the second part of this guideline now follows.

Example 5.8. Let a, b, y, z be elements of a cohomology ring, with y nilpotent
and z Duflot regular. Assume further that the relation by = az holds. Should
we view this relation as a statement about by or about az? It is a statement
about az, for it tells us that az is nilpotent, which means that a is nilpotent
too.

To comply with the guideline, each generator x is assigned an “r-dimension”.
If x is Duflot regular then rdim(x) = |x|, otherwise rdim(x) = 0. If b, b′ ∈ B
have the same degree and y-degree, then we set b < b′ if rdim(b) > rdim(b′).

5.3.3 In summary

At last we can define the monomial ordering ≤coho which is used in the
package Diag.
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Definition 5.9. Let A be the Θ-algebra on a finite set X. Suppose that every
x ∈ X has been assigned a degree |x| and in addition a y-degree ydeg(x) ∈
{0, 1} and a r-dimension rdim(x) ∈ {0, |x|}. The ordering ≤coho on B(A) is
defined as follows. For b, c ∈ B(A) we set

b ≤coho c :⇐⇒ |b| < |c|; or
|b| = |c| and ydeg(b) > ydeg(c); or
|b| = |c|, ydeg(b) = ydeg(c) and rdim(b) > rdim(c); or
|b| = |c|, ydeg(b) = ydeg(c), rdim(b) = rdim(c) and b ≤lex c.

5.4 Calculating products in batches

Algorithm 5.2 calls for product coycles to be calculated in large batches.
This raises the question of how most efficiently to calculate a product, and
whether it is possible to acheive savings of scale. This section presents one
strategy whose performance is eminently satisfactory in practice. Moreover,
theoretical considerations provide a plausibility argument for this satisfactory
performance. The strategy will be developed in several steps.

In order to compare the costs of various approaches it is necessary to have
an estimate for the cost of computing preimages.

Assumption 5.10. Suppose we are given a map d:
⊕m

kG → ⊕n
kG of free

kG-modules, together with a preimage Gröbner basis for d. Moreover suppose
we are given r elements of the image Im(d). We can compute preimages of
these r elements by performing Algorithm 3.37. We now have to estimate the
cost of performing this algorithm.

We shall assume that the cost is directly proportional to nr, and in par-
ticular independent of m. In this section we shall say that computing these
preimages costs nr units.

The product of two coycles First let φ ∈ Hr(G) and ψ ∈ Hs(G) be cocycles.
There are two ways to calculate the product ψ.φ. The first method has already
been described in this chapter: one constructs a lift φs:Pr+s → Pr, and the
product is the composition ψ ◦φs. The second method depends upon the fact
that the product is graded commutative. This means that we could equally
well lift ψ to ψr:Pr+s → Pr, form the composition φ◦ψr and finally multiply
by (−1)rs. Which of these two methods is better?

If the degrees r, s are equal, then there can be no difference. Now assume
that n := r + s is fixed. As before we shall denote by β(m) the rank of the
free kG-module Pm. Constructing φs−i out of φs−i−1 involves calculating
preimages of β(n− i) elements under the map ds−i. This costs β(n− i).β(s−
i − 1) units. It is well known that β(n) is a function of n which grows as
a polynomial whose degree is one less than the p-rank of G. For fixed n we
therefore have:
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1. As r increases, the number of times we have to lift φ in order to reach φs
falls.

2. The last lift (that is, constructing φs out of φs−1) costs β(n).β(n− r−1)
units. This decreases quickly as r increases.

3. Similarly, the cost of the penultimate lift sinks fast as r increases, and so
on.

We therefore formulate the following guideline:

Guideline 5.6. When we have to multiply two cocycles, we choose to lift the
cocycle whose degree is larger. The bigger the difference between the two
degrees becomes, the more sense this choice makes.

The product of more than two cocycles Now let b ∈ B(A) be a word of
length 	 ≥ 2 and degree n. There are then 	 ways to factorise b as x ∗P cx,
where x belongs to the generating set G and cx to B(A). To be more precise
there are at most 	 such factorisations, since x2 can only be factorised as
x ∗P x, for example. As in Algorithm 5.2 we assume that the cocycle of each
cx is known in advance. Which one of these factorisations b = x ∗P cx should
be used in order to calculate the cocycle of b? Guideline 5.6 prescribes the
following solution:

Guideline 5.7. In this situation, one should choose an x whose degree |x| is
as small as possible. The product is calculated by lifting cx.

The orderings ≤coho and ≤grlex are both based on a lexicographical order-
ing of B(A), so on an ordering on the set G. In order to put Guideline 5.7
into practice it will be helpful to specify this ordering on G. The ordering
on G we shall use is the so-called chronological ordering. This means that
for z, z′ ∈ G we have z < z′ if z was added to G earlier than z′ was. Since
Algorithm 5.2 constructs G on a degree by degree basis, the ordering ≤grlex
agrees on G with this chronological ordering. However this is not the case for
the ordering ≤coho.

To comply with Guideline 5.7 we denote by Gb the set

Gb := {x ∈ G | x features in b}

and set x(b) := min≤grlex Gb. This generator satisfies

|x(b)| = min{|x| | x ∈ Gb} ,

and so we calculate b as x(b).cx(b). One additional advantage of this method
is that the answer always has the correct sign. This is because x(b) is the first
generator to occur in the word b ∈ B(A), which means that x(b).cx(b) does
equal b rather than −b.
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Many products in the same degree As in Algorithm 5.2, suppose we are given
a set Pn of degree n elements of B(A). What is the most efficient way to
compute the coycle of each b ∈ Pn? For each b ∈ Pn and for each factorisation
b = x ∗P c with x ∈ G and c ∈ B(A) we may assume that the cocycle of c is
known.

For 1 ≤ r ≤ n
2 we define sets Xr, Br and Cr as follows:

Xr := {x ∈ G | |x| = r} Br := {b ∈ Pn | x(b) ∈ Xr}
Cr := {c ∈ B(A) | there is a b ∈ Br with b = x(b) ∗P c} .

Were r > n
2 then Br would be the empty set. Every element of Cr has degree

n− r.
For a single product x ∗P c, Guideline 5.7 tells us to construct the lift cr

rather than the lift xn−r. But which of the following two strategies is now
more efficient?

Strategy C Construct the rth lift cr of each c ∈ Cr.
Strategy X Construct the (n− r)th lift of each x ∈ Xr.

First we shall consider the size of the set Cr. Let Mn,r be the size of the
set In,r defined by

In,r := {c ∈ B(A) | c is irreducible, |c| = n− r and |x(c)| ≥ r} .
As Cr is a subset of In,r we have |Cr| ≤ Mn,r. Without the condition on
|x(c)| one would have Mn,r = β(n − r), for all generators and relations in
degree ≤ n−1 are known. Indeed we do have Mn,1 = β(n−1), but experience
shows that Mn,r/β(n− r) is a rapidly decreasing function of r.

Sticking to one of the two strategies seems to make much more sense
than adopting a hybrid strategy, as we can then reuse the results of earlier
calculations. For Strategy C this means that the (r− 1)th lift of each c ∈ Cr
and for Strategy X that the (n− r − 1)th lift of each x ∈ Xr is known.

Constructing (n − r)th lifts of all x ∈ Xr involves calculating |Xr|.β(n)
preimages of elements of Pn−r−1, at a cost of |Xr|.β(n).β(n − r − 1) units.
Constructing rth lifts of all c ∈ Cr involves calculating at most Mn,r.β(n)
preimages of elements of Pr−1, at a cost of Mn,r.β(n).β(r − 1) units. Hence

Cost of Strategy C =
Mn,r . β(r − 1)

|Xr| . β(n− r − 1)
· Cost of Strategy X .

What matters is whether the rational number αn,r := Mn,r.β(r−1)
|Xr|.β(n−r−1) is larger

or smaller than one.
For r = 1 we have Mn,1 = β(n − 1) and |X1| = β(1). Hence αn,1 =
β(n−1)

β(1).β(n−2) . Assuming G is not cyclic then |X1| ≥ 2. In the extremal case
n = 2 where both strategies are equivalent one has α2,1 = 1. For large n, the
ratio β(n−1)

β(n−2) tends to one from above. So Strategy C is the winner, at least
for the case r = 1.
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The situation in the general case is

αn,r =
Mn,r . β(r − 1)
β(n− r) . |Xr| .

β(n− r)
β(n− r − 1)

.

As before β(n−r)
β(n−r−1) tends to 1 from above, but analysing the factor Mn,r.β(r−1)

β(n−r).|Xr|
is not so easy. As r increases, β(r − 1) increases and Mn,r

β(n−r) decreases. For
large r the size of Xr is often at most one. If Xr is empty than Strategy X
has nothing to do, but Strategy C proceeds as normal.

The package Diag uses Strategy C. In practice, the case r = 1 always
involves by far the most work – and this is the case where Strategy C is the
clear winner.

Guideline 5.8. In order to calculate every b = x(b) ∗P c ∈ Pn with |x(b)| = r,
we construct the rth lift cr of each c ∈ Cr. That is, we use Strategy C.

Remark 5.11. There is a further reason for preferring Strategy C. In practice
the most time-consuming part of this strategy is the calculation of very many
preimages under the map d1:P1 → P0. However it would be very straightfor-
ward to determine the matrix of a k-linear map s0:P0 → P1 which satisfies
d1s0(x) = x for each x ∈ Im(d1). Then one could compute preimages much
more quickly using this matrix. This method has not yet been included in
the package Diag.

It might even be worth the effort to construct the matrix of a similar
splitting of d2, in order to speed up the calculation of preimages under d2.

Implementation of this guideline Recall that the set In,r was defined by

In,r := {c ∈ B(A) | c is irreducible, |c| = n− r and |x(c)| ≥ r} .
The set Cr is contained in In,r, and for the sake of simplicity we shall lift every
c ∈ In,r. The above complexity estimates allowed for this. Note moreover
that In+1,r+1 is a subset of In,r, and so if cr−1 has been calculated for every
In−1,r−1, then cr−1 is known for every c ∈ In,r.

In §5.2.1 it was shown how to construct cr out of cr−1 for a single c ∈ In,r.
In order to construct the lift cr of each c ∈ In,r in one go, one first calculates
all compositions cr−1 ◦ dn and then computes all Mn,r . β(n) preimages in
one application of Algorithm 3.37. All lifts cr for this pair n, r are stored in
one file (the .chm file). In order to expedite the subsequent construction of
cr+1 for c ∈ In+1,r+1, a second ordering on the set In−r = In−r+1,1 of all
β(n− r) irreducible monomials in degree n− r is used: in this new ordering,
every c ∈ In−r+s,s appears earlier than every c′ ∈ In−r \ In−r+s,s.

Only when the degree n part of Algorithm 5.2 has been completed is
the final form of the set In known. To be more precise, the cocycles of the
b ∈ In then form a basis for Hn(G), and so |In| = β(n). These coycles were
calculated as coordinate vectors with respect to dual basis for the k-vector
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space Hn(G) = HomkG

(⊕β(n)
kG, k

) ∼=
(⊕β(n)

k
)∗

. Both basis change
matrices are computed and stored (.icy file). These matrices will be useful
for the computation of restriction maps. In addition the cocycles of the new
generators are stored (.unz file) and their 0th lifts4 are written down (.chm
file for (n, 0)).

5.5 Restriction to subgroups

Let H �= 1 be a subgroup of the p-group G. This section is concerned with
the restriction map from the cohomology of G to that of H. The package
Diag makes use of the restriction map in two different ways:

– To calculate the restriction ResH(x) of each generator x of H∗(G). The
result should be a polynomial in the generators of H∗(H). Using an elim-
ination ordering (see Sect. 4.3) the computer can then work with the re-
striction map as an algebra homomorphism and determine its kernel (see
Remark 4.41).

– To calculate the inverse image Res−1
H (V ) in Hn(G) of a subspace V ⊆

Hn(H). We have seen in Sect. 5.3 how such calculations can be used to
determine the nilpotent and essential classes in Hn(G). In the same way,
some regular elements can be detected.

Basics Let (Pn, dn) be the minimal resolution of the trivial kG-module k,
and (Qn, d′

n) the minimal resolution of the trivial kH-module k. As (Pn, dn)
is also a free resolution of k over kH, the inclusion map ι:H → G lifts to a
chain map

· · · → Pn
dn−−−−→ Pn−1 → · · · → P1

d1−−−−→ P0 = kG
ε−−−−→ k

ιn

	 ιn−1

	 ι1

	 ι0

	
∥∥∥

· · · → Qn
d′

n−−−−→ Qn−1 → · · · → Q1
d′
1−−−−→ Q0 = kH

ε′−−−−→ k

. (5.1)

The restriction ResH(φ) has as its cocycle the composition Qn
ιn→ Pn

φ→ k.

How subgroups are represented First of all we need to consider how to repre-
sent the inclusion map ι:H ↪→ G on the computer. As described in Sect. 1.3,
the group G is known to the computer as a list of permutations in the sym-
metric group S|G| which form a minimal generating set. Similarly H is rep-
resented as a subgroup of S|H| by a minimal generating set (hj). For this
reason the computer will view ι as a monomorphism H � G rather than as
an inclusion H ↪→ G.
4 Recall that a cocycle is a kG-linear map Pn → k, and its 0th lift is a map

Pn → P0 = kG.
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This monomorphism ι is represented on the computer by its matrix as a
k-linear map with respect to the bases NX(H) of kH and NX(G) of kG. This
matrix is determined by first calculating the image permutations ι(hj) ∈ S|G|,
and is stored in the .ima file.

Lifting the inclusion map Now suppose that the resolutions P∗ and Q∗ are
known out to the nth degree, including a preimage Gröbner basis for dn:Pn →
Pn−1. Suppose further that the (n−1)th lift ιn−1 has already been calculated,
as the images in Pn−1 ∼= ⊕β(n−1)

kG of the βH(n − 1) free generators of
Qn−1 ∼= ⊕βH(n−1)

kH. In particular, ι0 is represented by 1 ∈ P0 ∼= kG.
Set M := βH(n) and let e1, . . . , eM be the generators of the free

kH-module Qn. One turns d′
n:

⊕βH(n)
kH → ⊕βH(n−1)

kH into a map
∆:

⊕β(n)
kG → ⊕β(n−1)

kG of free kG-modules by applying the matrix of
ι: kNX(H) → kNX(G) to each summand of

⊕βH(n−1)
kH, which turns each

d′
n(ei) into an element of

⊕β(n−1)
kG.

After this the construction proceeds in the same way as lifting a cocycle.
One forms the composition ιn−1 ◦∆ and sets

ιn(ei) := a preimage of ιn−1∆(ei) under dn.

Then ιn is stored as this list of βH(n) elements of
⊕β(n)

kG, in the nth .icm
file for H.

From this representation of ιn the restriction map ResH : Hn(G) → Hn(H)
can easily be recovered as its matrix with respect to the standard (i.e., dual)
bases of these cohomology groups. When necessary this matrix can then be
used to deduce the matrix of ResH with respect to the bases In of irreducible
monomials.



6 The completeness of the presentation

Chapter 5 described how to determine all generators and relations of the
cohomology ring out to degree N . Carlson presented in [18] a criterion which
allows one to conclude that there are no further generators or new relations
in higher degrees. In the current chapter we shall recall Carlson’s criterion
and discuss how to put it into practice.

One part of the criterion is a condition on the Koszul complex, so the def-
inition of this complex is recalled in Sect. 6.1. Then Carlson’s criterion is
stated in Sect. 6.2. Section 6.3 starts by recalling a few facts about regu-
lar sequences and then proceeds to explain how the package Diag chooses a
system of parameters for the cohomology ring and calculates the depth.

If the group G has small p-rank then the cohomology of the Koszul com-
plex and the Poincaré series of the cohomology ring are easier to determine.
This is the business of Sect. 6.4, whose results were definitely known to the
experts.

Carlson’s criterion allows one to compute the cohomology rings of all
groups of order pn by induction in n. Section 6.5 describes how the pack-
age Diag handles cohomology rings of subgroups in order to ensure that the
cohomology ring of an isomorphism class of p-groups is only calculated once.

6.1 The Koszul complex

Koszul complexes play an important role in Carlson’s completeness criterion.
As Carlson explains in [18], it makes sense here to view them as cochain
complexes.

Hypothesis 6.1. Let A =
⊕

n≥0A
n be a graded commutative k-algebra with

A0 = k, which is generated by finitely many homogeneous elements of A+ :=⊕
n>0A

n.

In particular, this hypothesis holds for the cohomology ring H∗(G).

Definition 6.2. Let A be a graded commutative k-algebra as in Hypothe-
sis 6.1.

D.J. Green: LNM 1828, pp. 81–90, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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1. The Koszul complex K(ζ;A) of an element ζ ∈ An with n > 0 is by
definition the following complex (C∗, δ):
a) C0 is the free A-module on one generator uζ .
b) C1 is the free A-module on one generator vζ .
c) Ci is zero otherwise.
d) δ:Ci → Ci+1 sends uζ to ζvζ (for i = 0).
Since A is itself graded the Koszul complex is bigraded: that is, we may
write Ci =

⊕
j∈Z

Cij where for x ∈ Am we have xuζ ∈ C0,m and xvζ ∈
C1,m−n. Then δ has bidegree (1, 0).

2. Let ζ1, . . . , ζr be a sequence of homogeneous elements of A+. If the prime p
is odd we shall suppose further1 that each ζi is an element of A2∗. The
Koszul complex of this sequence is then defined by

K(ζ1, . . . , ζr;A) := K(ζ1;A) ⊗A · · · ⊗A K(ζr;A) .

This complex inherits a bigrading and the coboundary δ has bidegree (1, 0).
Hence there are homology groups H∗,j(K(ζ1, . . . , ζr;A)) for each j ∈ Z.

The version of Carlson’s criterion in the following section differs very slightly
from the original: we shall not require the parameters in Condition 6.6 to be
even-dimensional if p = 2. The following lemma ensures that both versions
of the criterion are equivalent.

Lemma 6.3. Let A be a graded commutative k-algebra, as in Hypothesis 6.1.
Let ζ1, ζ2, . . . , ζr be a sequence of homogeneous elements of A+ satisfying

H∗,j(K(ζ1, . . . , ζr;A)) = 0 for every j ≥ 0. (6.1)

Replacing ζ1 by ζ2
1 preserves this property (6.1).

Proof. Set ζ := ζ1 and write (C∗,∗, δ) for the complex K(ζ2, . . . , ζr;A). Denote
by (K∗,∗, δ) the complex K(ζ;A), and write (L∗,∗, δ) for the complex K(ζ2;A).
We know that H∗,j(K ⊗A C) = 0 for every j ≥ 0 and have to prove the same
statment for H∗,j(L ⊗A C). To simplify notation we write u := uζ , v := vζ ,
u′ := uζ2 , v′ := vζ2 and n := |ζ|.

Let u′ ⊗ f + v′ ⊗ g be a cocycle in Zij(L⊗A C) with j ≥ 0. Hence f lies
in Cij , g lies in Ci−1,j+2n, and δ(u′ ⊗ f + v′ ⊗ g) = 0. Consequently

δf = 0 and ζ2f − δg = 0 .

So u⊗ ζf + v ⊗ g ∈ (K ⊗A C)i,j+n is a cocycle and by assumption there are
a ∈ Ci−1,j+n and b ∈ Ci−2,j+2n with δ(u⊗ a+ v⊗ b) = u⊗ ζf + v⊗ g. That
is,

δa = ζf and ζa− δb = g .

But then u ⊗ f + v ⊗ a ∈ (K ⊗A C)ij is another cocycle and bounds by
assumption. So there are c ∈ Ci−1,j and e ∈ Ci−2,j+m satisfying δ(u ⊗ c +
v ⊗ e) = u⊗ f + v ⊗ a. But then u′ ⊗ c+ v′ ⊗ (ζe+ b) lies in (L⊗A C)i−1,j

and satisfies δ(u′ ⊗ c+ v′ ⊗ (ζe+ b)) = u′ ⊗ f + v′ ⊗ g. ��
1 In order to avoid having to pay attention to signs.
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6.2 Carlson’s completeness criterion

Carlson showed in [18] that one can completely calculate the cohomology ring
using only finitely many terms of the minimal resolution. His main result (his
Theorem 5.6) appears here as Theorem 6.9.

Hypothesis 6.4. Let G be a finite p-group and N a natural number. As usual,
k is a field of characteristic p.

Suppose that we are given a finitely generated free graded commutative
k-algebra Q =

⊕
n≥0Q

n together with a map ρ:Q → H∗(G) of graded com-
mutative k-algebras and a homogeneous ideal J in Q that lies in Ker(ρ). In
addition we shall assume the following properties:

1. Q is generated in degrees ≤ N .
2. J is generated in degrees ≤ N .
3. For every n ≤ N the map ρ:Qn → Hn(G) is surjective with kernel J∩Qn.

We define a graded commutative ring R = RN by R := Q/J and denote by
θ = θN the induced homomorphism RN → H∗(G).

Remark 6.5. Given these assumptions, the map θ:Rn → Hn(G) is an iso-
morphism for each n ≤ N . Up to isomorphism R only depends on G and
N , for R is generated by the indecomposables in H≤N (G) together with the
relations in the same degree range.

Condition 6.6 (“Condition G”). Let G, N and R be as in Hypothesis 6.4.
There are ζ1, . . . , ζr in R with the following properties:

1. ζ1, . . . , ζr form a homogeneous system of parameters for R.
2. θ(ζ1), . . . , θ(ζr) form a homogeneous system of parameters for H∗(G).
3. H∗,j(K(ζ1, . . . , ζr;R)) = 0 for every j ≥ 0.
4.

∑r
i=1 max(2, |ζi|) ≤ N .

If this condition holds, then r must be the p-rank of G. Property 3., which
concerns the cohomology of the Koszul complex, is referred to in the Ap-
pendix as Carlson’s Koszul condition

Remark 6.7. It is not yet known whether there is such a sequence in the
cohomology ring of every such G. However, an existence proof for the case
r ≤ 3 has recently been given by Okuyama and Sasaki [53]. Their result holds
more generally in the case r−z ≤ 2, where z is the p-rank of the centre Z(G).

Condition 6.8 (“Condition R”). For G,N,Q, J,R as in Hypothesis 6.4 set

ER :=
⋂

{Ker(R θ−→ H∗(G) Res−→ H∗(H)) | H ≤ G a maximal subgroup} ,
EQ :=

⋂
{Ker(Q

ρ−→ H∗(G) Res−→ H∗(H)) | H ≤ G a maximal subgroup} .

So EQ is the inverse image in Q of ER. The condition requires that
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1. EQ is generated in degree ≤ N .

Moreover there are homogeneous elements y1, . . . , yd in R which have the
following properties. Here d is the p-rank of the centre Z(G).

2. y1, . . . , yd is a regular sequence in R. (Which implies that y1, . . . , yd are
algebraically independent over k.)

3. θ(y1), . . . , θ(yd) is a regular sequence in H∗(G).
4. There are finitely many homogeneous elements α1, . . . , αs of R such that

ER is the free module on the αi over the polynomial algebra k[y1, . . . , yd].
Moreover |αi| ≤ N for each 1 ≤ i ≤ s. (Holds trivially if ER = {0}.)

Theorem 6.9 (Carlson [18]). Let G,N,Q, J,R be as in Hypothesis 6.4. If
Conditions 6.6 and 6.8 are both satisfied then θ:R → H∗(G) is an isomor-
phism.

Proof. Let ζ1, . . . , ζr be homogeneous elements of R satisfying Condition 6.6.
Define ζ̄1, . . . , ζ̄r ∈ R by ζ̄i := ζ2

i if |ζi| = 1 and ζ̄i := ζi otherwise. Then
ζ̄1, . . . , ζ̄r satisfy Condition 6.6 too, by Lemma 6.3. Moreover |ζ̄i| ≥ 2 for
each 1 ≤ i ≤ r. This reduces the theorem to the case proved by Carlson
in [18]. ��

6.3 Duflot regular sequences

This section begins by recalling the relevant facts about regular sequences.
Then the notion of a Duflot regular sequence is introduced: a regular se-
quence in H∗(G) will be called Duflot regular if it can be proved to be regu-
lar by restricting to the centre. Such sequences are needed in order to check
Condition 6.8. After this we discuss how to find a homogeneous system of
parameters.

Let A be a graded commutative k-algebra, as in Hypothesis 6.1. Recall
that a homogeneous element ζ of A+ is called regular if ζ is nonzero and not
a zero divisor. A sequence ζ1, . . . , ζm of homogeneous elements of A+ is called
regular if ζi is a regular element of A/(ζ1, . . . ζi−1) for each 1 ≤ i ≤ m. It easy
to show that a regular sequence stays regular if the terms in the sequence are
permuted. The depth of A is the length of the longest regular sequence.

Theorem 6.10. Assuming 6.1 we have:

1. All maximal regular sequences in A have the same length.
2. The depth of A is bounded above by dimA.

If moreover A is the cohomology ring H∗(G) of a p-group G then:

3. The Krull dimension dim H∗(G) is equal to the p-rank r of G.
4. The depth τ of H∗(G) satisfies the inequality z ≤ τ ≤ r, where z is the

p-rank of the centre Z(G).
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Proof. For parts 1. and 2. consult for example §4.3–4 of Benson’s book [7]
(strictly though the proof there is for the commutative case). Part 3. is a
theorem of Quillen [55]. The inequality z ≤ τ in Part 4. is Duflot’s Theo-
rem [28]. ��
Remark 6.11. The theorem that follows allows a constructive proof of Du-
flot’s Theorem and is also important for the computer calculation of group
cohomology. It seems to have been known for some time as a Folk Theorem.
The method goes back to Broto and Henn [15], who were apparently the first
to consider the cohomological implications of the fact that the multiplication
map µ:G × C → G is a group homomorphism if C is a central subgroup.
Adem and Milgram [4] only proved a special case of the theorem, but their
proof easily generalizes. The first explicit statement of the result in full gener-
ality is due to Carlson [17], though he describes the proof he gives as a sketch.
A more detailed proof may be found in Okuyama and Sasaki’s paper [53].

Theorem 6.12. ([17, 53])
Let C ≤ G be a central subgroup and y1, . . . , ym homogeneous elements
of H∗(G). Write ȳi for the restriction ResGC(yi).

If ȳ1, . . . , ȳm is a regular sequence in H∗(C), then y1, . . . , ym is a regular
sequence in H∗(G). In particular, this happens if ȳ1, . . . , ȳm is a homogeneous
system of parameters for H∗(C) (which then implies that m is the p-rank
of C). ��
Definition 6.13. A Duflot regular sequence in H∗(G) is a sequence of ho-
mogeneous elements of H∗(G) whose restrictions to Z := Ω1(Z(G)) form a
regular sequence in H∗(Z). Here, Ω1(Z(G)) stands for the greatest central
elementary abelian subgroup of G. Theorem 6.12 implies that Duflot regular
sequences are indeed regular sequences. A Duflot regular sequence is called
complete if its length is equal to the p-rank of Z.

Now let ζ1, . . . , ζm be a sequence in H∗(G) that might be Duflot regular. Set
n := max{|ζi| | 1 ≤ i ≤ m}. In order to decide whether the sequence really
is Duflot regular we only need the restrictions of the ζi to Z := Ω1(Z(G)).
For this we only need to know H≤n(G), as the cohomology rings of the ele-
mentary abelian groups are well known. So we can decide whether or not a
given sequence is Duflot regular without knowing the whole cohomology ring.
Moreover, experience suggests that we can always choose the generators of
H∗(G) in such a way that they contain a complete Duflot regular sequence.

Choosing a system of parameters As Carlson explains in [17, §5.3.1] it is a
hard problem to choose a suitable homogeneous system of parameters, for the
ground field is small and the degrees of the parameters should be as small
as possible. The method currently employed by the package Diag to find a
suitable system of parameters is a stop-gap. However, it is surprising how
often this method does suffice.
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First of all a complete Duflot regular sequence is chosen from the genera-
tors with positive r-dimension. Then the program uses rather naive methods
to try to extend this sequence to a sequence h1, . . . , hr with r = p-rank(G)
satisfying the following conditions for every maximal elementary abelian sub-
group V of G:

– The restrictions ResV (h1), . . . ,ResV (hs) for s = p-rank(V ) form a regular
sequence in H∗(V ).

– ResV (hi) = 0 for s < i ≤ r.

If such a sequence is found then it definitely is a system of parameters
for H∗(G). If no such sequence can be found, or if the resulting sequence
h1, . . . , hr is not simultaneously a system of parameters for the current co-
homology ring approximation R = RN , then the cohomology computation
terminates unsuccessfully.

The depth of R is determined by finding the largest m ≤ r such that
h1, . . . , hm is a regular sequence in R. If m < r then one calculates the
intersection of the annihilators AnnR(hi) for i > m. If this intersection is
nontrivial then the depth of R is m.

Remark 6.14. This method for finding a system of parameters works for 50
of the 51 groups of order 32. The exceptional case is the group known to the
group library Small Groups as group number 6 of order 32. For this group
I had to find a system of parameters by hand.

Improving the selection of a system of parameters will be a priority in sub-
sequent work on the package Diag.

6.4 Groups of small rank: Koszul complex and Poincaré
series

The homology groups of the Koszul complex are easier to determine if the
p-rank of the p-group G is small. Moreover the Poincaré series can then be
easily determined from the homology of the Koszul complex.

To be more precise, the methods in this section are for the case r− z ≤ 2,
where r is the p-rank of G and z is the p-rank of the centre Z(G). These
results are definitely not new, but they are not easy to find in the literature.

Hypothesis 6.15. Let A =
⊕

n≥0A
n be a graded commutative k-algebra with

A0 = k which is generated by finitely many homogeneous elements of A+ :=⊕
n>0A

n.
Let ζ1, ζ2, . . . , ζr be a sequence of homogeneous elements of A+, such that

(at least) the first d terms form a regular sequence in A. Write mj := |ζj |
and σ(m) :=

∑r
j=1mj . If the prime p is odd we shall require that each mj

be even.
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Definition 6.16. The Poincaré series pV (t) of a graded k-vector space V =⊕
n∈Z

V n is defined by

pV (t) :=
∑

n∈Z

tn dimk(V n) .

Lemma 6.17. Let A be a graded commutative k-algebra as in Hypothe-
sis 6.15. Then

pA(t) =
tσ(m) ∑r

i=0(−1)r−ipHi,∗(t)∏r
j=1(1 − tmj )

where Hi,j := Hi,j(K(ζ1, . . . , ζr;A)).

Proof. Write (C∗,∗, δ) for the Koszul complex K(ζ1, . . . , ζr;A). Let Ii be the
set of all size i subsets I of {1, . . . , r}. Set mI :=

∑
j∈I mj and

vI := wI,1 ⊗ · · · ⊗ wI,r , where wI,j :=
{
vj j ∈ I
uj j �∈ I

.

So vI lies in Ci,−mI .
Since Ci,∗ =

⊕
I∈Ii

vIA we have pCi,∗(t) =
∑
I∈Ii

t−mIpA(t). So as the
bidegree of δ is (1, 0) it follows that

∑r
i=0(−1)ipHi,∗(t) =

∑r
i=0(−1)ipCi,∗(t).

��
Notation 6.18. For 0 ≤ s ≤ r denote by A(s) the quotient A/(ζ1, . . . , ζs).

Lemma 6.19. Suppose Hypothesis 6.15 holds with d = r. Set N :=
∑d
j=1mj.

Then

pA(t) =
pA(r)(t)∏r
j=1(1 − tmj )

.

Moreover H∗,j(K(ζ1, . . . , ζr;A)) = 0 if and only if A(r)N+j = 0.

Proof. As ζ1 is regular in A we deduce as in [18, Proposition 3.3] that

Hi,j(K(ζ1, . . . , ζr;A)) ∼= Hi−1,j+m1(K(ζ2, . . . , ζr;A/(ζ1))) (6.2)

The result follows by induction on r. ��
Lemma 6.20. Suppose Hypothesis 6.15 holds with d = r − 1. Write I for
the homogeneous ideal AnnA(r−1)(ζr) in A(r − 1). Set N :=

∑d
j=1mj. Then

pA(t) =
pA(r)(t) − tmrpI(t)∏r

j=1(1 − tmj )
.

Moreover H∗,j(K(ζ1, . . . , ζr;A)) = 0 if and only if the groups A(r)N+mr+j

and IN+j are both zero.
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Proof. Using Lemma 6.17 and (6.2) we reduce to the case r = 1, which means
that N = 0. Then H0,j = Ij and H1,j = A(1)m1+j . ��
Lemma 6.21. Suppose Hypothesis 6.15 holds with d = r − 2. Define a
homogeneous ideal I ⊆ A(r − 2) by I := AnnA(r−2)(ζr−1, ζr). Moreover
define J := AnnA(r−2)(ζr−1), K := J/ζrJ and L := AnnA(r−1)(ζr). Set
N :=

∑d
j=1mj. Then

pA(t) =
pA(r)(t) − tmrpL(t) − tmr−1pK(t) + tmr−1+mrpI(t)∏r

j=1(1 − tmj )
.

Moreoever H∗,j(K(ζ1, . . . , ζr;A)) = 0 if and only if the groups IN+j, KN+mr ,
LN+mr−1 and A(r)N+mr−1+mr+j are all zero.

Proof. Using Lemma 6.17 and (6.2) we reduce to the case r = 2, where
N = 0. Then H0,j = Ij and H2,j = A(2)m1+m2+j . To determine H1,j we set

Sj1 := {(a, b) ∈ Am1+j ⊕Am2+j | ζ2a = ζ1b}
Sj2 := {(ζ1c, ζ2c) ∈ Am1+j ⊕Am2+j | c ∈ Aj}
Sj3 := {(0, b) ∈ Am1+j ⊕Am2+j | ζ1b = 0} .

Then H1,j = Sj1/S
j
2 and Sj3 ∼= Jm2+j , so

H1,j ∼= Sj3
Sj3 ∩ Sj2

⊕ Sj1
Sj3 + Sj2

∼= Jm2+j

ζ2Jj
⊕ {a ∈ Am1+j | ∃b ∈ Am2+j with ζ2a = ζ1b}

ζ1Aj
,

hence H1,j ∼= Km2+j ⊕ Lm1+j . ��
Remark 6.22. So for r− d ≤ 2 one can calculate the homology of the Koszul
complex using operations like annihilator, quotient and intersection. By con-
trast, for larger values of r − d it seems one has to use the general method
for finding the kernel of a map between free modules.

Remark 6.23. To check Condition 6.6 and calculate the Poincaré series, the
computer has to solve the following task:

Let I ⊆ J be right ideals in the Θ-algebra A. Determine whether the
k-vector space J/I is finite-dimensional. If so, determine its Poincaré series.
Gröbner bases for I and J are known.

Let G be the generating set of A. Let ΛI and ΛJ be the sets of leading
monomials of the Gröbner bases for I and J respectively. First one checks for
each λ ∈ ΛJ and each x ∈ G that λ ∗P xN is divisible by at least one µ ∈ ΛI
for large N . The quotient space J/I is finite-dimensional if and only if each
such pair passes this test. Then one constructs the set Q of all monomial
multiples ν of elements of ΛJ such that ν is not divisible by any element
of ΛI . This set Q is a k-basis for J/I.
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6.5 Identifying subgroups

To compute the cohomology ring H∗(G) we have to know the restriction maps
to certain subgroups. These subgroups are:

– The maximal subgroups, in order to determine the ideal of essential classes.
– The maximal elementary abelian subgroups, in order to choose nilpotent

generators and a homogeneous system of parameters.
– The greatest central elementary abelian subgroup, in order to choose reg-

ular generators and identify a complete Duflot regular sequence.

We have to assume that the cohomology rings of these groups are already
known, and so the computation of the cohomology rings of all p-groups of
order pn is performed by induction on n. The induction starts with the el-
ementary abelian groups, whose cohomology is well known. More generally,
the Künneth Theorem means that all generators and relations for H∗(G) lie
in degree at most two for any abelian G.

Isomorphism classes of small groups The Isomorphism Problem for groups
of order pn goes as follows: Decide whether or not two given groups G1, G2
of order pn are isomorphic. If they are, give an isomorphism from G1 to G2.
Calculating the cohomology ring H∗(G) is a lot simpler if the computer can
solve the Isomorphism Problem for subgroups of G.

Example 6.24. The extraspecial 2-group 21+4
+ of order 32 has 15 maximal

subgroups. Nine of these are isomorphic to D8 × C2, and the remaining six
subgroups are all isomorphic to each other. So if the computer can solve the
Isomorphism Problem for groups of order 16 then it only has to perform
two cohomology computations in order to known the cohomology rings of all
maximal subgroups. If not then it has to perform 15 computations.

See [13, 14] for a survey of the classification problem for finite groups of small
order. The Isomorphism Problem for many groups of small order is solved by
the group library Small Groups, which is included in the distributions of
the Computer Algebra Systems GAP [36] and MAGMA.

To be precise this group library solves the Isomorphism Problem for those
p-groups whose order divides one of the numbers 28, 36, 55 and 74. So it
is only for groups of order 210 that one does not have a solution to the
Isomorphism problem, but can hope to construct a significant portion of the
minimal resolution using Diag.

The representation of inclusions In the group library, every isomorphism
class is represented by a group with a preferred minimal generating set. The
package Diag always uses this generating set to construct a presentation of
the group algebra.

Now let H be a subgroup of G, let K be the representative of the iso-
morphism class of H, and let κ1, . . . , κs be the preferred minimal generators
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of K. An isomorphism from K to H induces a monomorphism K � G. The
subgroup H is represented on the computer by specifying K together with
the images in G of the κi. If two subgroups are isomorphic as abstract groups,
then the group K will be the same in both cases but the images of the κi
will differ.
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In the preceding chapters a Gröbner basis method was developed for con-
structing minimal resolutions. Methods were developed for carrying out Carl-
son’s approach to cohomology ring computation which

– use Gröbner bases for calculations with kG-modules, and
– work for odd primes as well as for the prime 2.

These methods were implemented in the C programming language. The pack-
age is called Diag. It uses the library of a package called “The C MeatAxe” [56]
to work with vectors over Fp, and the computer algebra system GAP [36] to
assemble the necessary information about the group and its subgroup struc-
ture.

To date the applications have been in two areas:

– Computing cohomology rings of small p-groups.
– Constructing as many terms as possible in the minimal resolution for larger
p-groups.

All big computations were performed on Jon F. Carlson’s computer toui, a
Sun ULTRA 60 Elite 3D. I am very grateful to Professor Carlson for the use
of this machine.

Additionally the exact period of one periodic module was calculated to
give a taste of another area where the package could be used.

7.1 Cohomology rings of small p-groups

The calculation of the mod-p cohomology rings of all groups of order p3 was
brought to completion by Leary [46] and Milgram–Tezuka [48]. The cohomol-
ogy rings of all groups of order 32 were determined by Rusin [57], and Carlson
recently completed the calculation of the cohomology rings of all groups of
order 64 [19, 20]. For odd primes the cohomology ring of the central product
Cp2 ∗ p1+2

+ of order p4 was calculated by Benson and Carlson [10].
The package Diag was used to compute the cohomology rings of the fol-

lowing groups:

– All 15 groups of order 81 = 34.

D.J. Green: LNM 1828, pp. 93–100, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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– 14 of the 15 groups of order 625 = 54.
– Several groups of order 64 = 26 and one group of order 243 = 35.

To reproduce all these cohomology rings here would require well over a hun-
dred pages. Instead, the full results have been made available on the World
Wide Web, and three of the most interesting cohomology rings are described
in the appendix. The address for the online cohomology rings is as follows:

http://www.math.uni-wuppertal.de/˜green/Coho/index.html

This database also includes the cohomology rings of all p-groups whose order
divides one of 25, 34, 53 and 73. The groups are numbered according to the
group library Small Groups (cf. Sect. 6.5).

Interpreting the tables In the rest of this section more details will be given
about the individual computations. The most significant data about the coho-
mology rings will be presented in tabular form. The meanings of the columns
will now be explained with an example.

No. Name m e r z τ nE Degrees nR bR bC |hi| E
7 Syl3A9 2 2 3 1 2 16 12233342526371 88 14 14 6, 2, 4 —

10 2 2 2 1 1 11 12233141516271 44 14 14 6, 4 3, 3, 4
11 C9 × 32 3 2 3 3 3 6 1323 3 2

The table lists three of the 15 groups of order 81 = 34. The first column
says that these are groups number 7, 10 und 11 of this order. Group No. 7
is the Sylow 3-subgroup of the alternating group A9 and group No. 11 is
the direct product of the cyclic group of order 9 with the elementary abelian
group of order 9. (We are using the ATLAS notation for elementary abelian
groups [26].) By contrast, group No. 10 has no common name.

The subsequent columns: m is the number of minimal generators of the
group, r is the p-rank of the group and z that of the centre. The exponent
of the group is pe. Column τ lists the depth of the cohomology ring. The
number of minimal generators of the cohomology ring is denoted nE , and
the degrees of these generators are listed in the next column: for example,
group No. 11 has three generators in degree one and three in degree two. The
number of minimal relations is denoted by nR, and bR stands for the largest
degree of a relation.

The remaining columns only concern nonabelian groups. The value of bC
is the degree in which Carlson’s criterion first recognises the presentation
of the cohomology ring to be complete. Then the degrees of a homogeneous
system of parameters h1, . . . , hr is given. These parameters are ordered such
that the first z terms form a complete Duflot regular sequence.

We write Ess∗(G) for the ideal of essential classes in H∗(G). That is,

Ess∗(G) = {x ∈ H∗(G) | ResH(x) = 0 for every maximal subgroup H < G} .
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So Ess∗(G) = ER for R = H∗(G) in the language of Condition 6.8 (Carlson’s
“Condition R”). Checking this condition involves establishing that Ess∗(G)
is free as a module over the polynomial algebra k[h1, . . . , hz]. The degrees of
the free generators are listed in column E . So group No. 7 has no essential
classes, whereas the essential ideal for group No. 10 is free of rank three on
generators in degrees 3, 3, 4.

7.1.1 The groups of order 81

There are fifteen isomorphism classes of groups of order 81 = 34. The coho-
mology ring of all fifteen of these groups was calculated. These computations
took 12 minutes in all. Selected data on each of these cohomology rings is
listed in Table 7.1.

Table 7.1. Cohomological data for the groups of order 81

No. Name m e r z τ nE Degrees nR bR bC |hi| E
1 C81 1 4 1 1 1 2 1121 1 2
2 C9 × C9 2 2 2 2 2 4 1222 2 2
3 2 2 3 2 2 12 122432415162 44 12 12 2, 6, 2 3, 4, 5
4 2 2 2 2 2 4 1222 2 2 4 2, 2 2
5 C27 × 3 2 3 2 2 2 4 1222 2 2
6 2 3 2 1 1 6 1221314161 9 10 10 6, 2 2, 4
7 Syl3A9 2 2 3 1 2 16 12233342526371 88 14 14 6, 2, 4 —
8 2 2 2 1 1 13 12233142526271 65 14 14 6, 4 3
9 Syl3U3(8) 2 2 2 1 2 9 12243261 21 6 8 6, 2 —

10 2 2 2 1 1 11 12233141516271 44 14 14 6, 4 3, 3, 4
11 C9 × 32 3 2 3 3 3 6 1323 3 2
12 31+2

+ × 3 3 1 3 2 3 11 13253261 22 6 10 2, 6, 2 —
13 31+2

− × 3 3 2 3 2 2 8 1322315161 10 10 10 2, 6, 2 3, 4, 5, 6
14 31+2

+ ∗ C9 3 2 2 1 1 7 13224161 9 8 10 6, 4 3
15 34 4 1 4 4 4 8 1424 4 2

Carlson’s Depth-Essential Conjecture The following theorem is proved
in [16]:

Theorem 7.1 (Carlson). Let G be a p-group and s an integer satisfying
z < s ≤ r, where r is the p-rank of G und z that of its centre. Denote by
As(G) the set of all rank s elementary abelian subgroups of G.

If there is a class 0 �= x ∈ H∗(G) such that ResH(x) = 0 for the centralizer
H = CG(V ) of every V ∈ As(G), then the depth of H∗(G) is less than s.

In particular, this happens when G has a proper subgroup H which con-
tains the centralizer of every V ∈ As(G).
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Conversely the depth-essential conjecture claims that if the depth is s−1
then there does exist such a class x. This has been proved in the special case
s = z+1, characterising the cases where Duflot’s lower bound for the depth is
tight [38]. Note that if the cohomology ring is Cohen–Macaulay1 or contains
an essential class then there is nothing to prove. Moreover it is easy to see
that one only has to consider those V ∈ As(G) which contain the greatest
central elementary abelian subgroup.

All groups of order 81 satisfy this conjecture. One sees this immediately for
all apart from group No. 7, which has depth 2. But this group has precisely
one rank 3 elementary abelian subgroup, and it is self-centralising. So the
conditions for the last part of Theorem 7.1 are satisfied.

7.1.2 The groups of order 625

There are 15 isomorphism classes of groups of order 625 = 54. To date only
the cohomology rings of 14 of these groups could be computed. The com-
putation for group No. 8 took 5 days 20 hours. Numerical data about these
cohomology rings is listed in Tables 7.2 and 7.3, as the generator degrees for
the cohomology rings had to be put in a separate table for space reasons.

The tables also list some information on the unfinished case, group No. 7.
This is the Sylow 5-subgroup of the sporadic Conway group Co1 and its
cohomology ring is therefore of considerable interest. It is the complexity of
the relations ideal that is currently preventing a complete calculation.

The data for this group are drawn from a computation out to degree 30.
There are certainly at least 36 minimal generators and 556 minimal relations.
It is also certain that there is a generator in degree 10 that constitutes a com-
plete Duflot regular sequence, and that there are essential classes in degrees
4 and 5. This means that the depth of the cohomology ring is one.
We see from the tables that all groups of order 625 = 54 have essential classes
and therefore satisfy Carlson’s depth-essential conjecture.

7.1.3 Two essential classes with nonzero product

Let G be the Sylow 2-subgroup of U3(4). This is Small Group No. 245 of
order 64. It group has four minimal generators, exponent 4 and p-rank 2. All
involutions are central, and so the theorem of Adem and Karagueuzian [3]
tells us that the cohomology ring H∗(G) is Cohen–Macaulay and has essential
classes. Hence the group satisfies the depth-essential conjecture. Hier are the
usual cohomological data:

r z τ nE Degrees nR bR bC |hi| E
2 2 2 26 1444688296112 270 22 22 8, 8 4856637881697106118128134141

1 That is, the depth is equal to the Krull dimension.
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Table 7.2. Cohomological data for the groups of order 625

No. Name m e r z τ nE nR bR bC |hi| E
1 C625 1 4 1 1 1 2 1 2
2 C25 × C25 2 2 2 2 2 4 2 2
3 2 2 3 2 2 16 90 20 20 2, 10, 2 3, 4, 5, 6, 7, 8, 9
4 2 2 2 2 2 4 2 2 4 2, 2 2
5 C125 × 5 2 3 2 2 2 4 2 2
6 2 3 2 1 1 8 20 18 18 10, 2 2, 4, 6, 8
7 Syl5Co1 2 1 3 1 1 36? 556? 30? 30? 10, ?, ? 4,5; more too?
8 2 2 3 1 1 20 151 24 24 10, 2, 4 3, 4, 5, 5, 6, 7
9 2 2 2 1 1 23 230 30 30 10, 8 3, 5, 7

10 2 2 2 1 1 23 230 30 30 10, 8 3, 5, 7
11 C25 × 52 3 2 3 3 3 6 3 2
12 51+2

+ × 5 3 1 3 2 2 11 51 18 18 2, 10, 6 4, 5, 5, 6, 6, 7, 7, 8
13 51+2

− × 5 3 2 3 2 2 10 21 18 18 2, 10, 2 3, 4, 5, 6, 7, 8, 9, 10
14 51+2

+ ∗ C25 3 2 2 1 1 9 22 16 16 10, 4 3, 5, 7
15 54 4 1 4 4 4 8 4 2

The generator degrees are listed in Table 7.3 for space reasons.

Table 7.3. Degrees of cohomology ring generators for groups of order 625

No. Degrees
1 1121

2 1222

3 122432415161718191102

4 1222

5 1222

6 122131517191101

7 122434435262738292103112122132142151 (only up to degree 30 inclusive)
8 122332425161718192103111121

9 122331425162718292102111121131141151

10 122331425162718292102111121131141151

11 1323

12 132532718191101

13 132231517191101

14 1322416181101

15 1424

This table is a continuation of Table 7.2.
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Notice how large the ideal of essential classes is. For this reason it was nec-
essary to state the degrees of the free generators using the notation used for
cohomology ring generator degrees.

This group is the first known case where the product of two essen-
tial classes is not always zero. (Of course, elementary abelian groups are
excluded here.) To be more precise, the products Ess4(G).Ess10(G) and
Ess6(G).Ess8(G) are one-dimensional and equal. The base of the free module
Ess∗(G) can be so chosen that the one 14-dimensional free generator gen-
erates these product spaces. All remaining products of essential classes are
zero.

It was conjectured by Huỳnh Mui [51] and T. Marx [47] that the essential
ideal squares to zero. Pham Anh Minh proved in [49] that each essential
class ξ satisfies ξp = 0. Pakianathan and Yalçın related the nilpotency degree
of the essential ideal to a question about fixed points of G-CW-complexes
in [54]. The computation describes here disproves the Mui–Marx conjecture.

In the terminology of Hall–Senior [45] this is group No. 187 of order 64,
also known as 64Γ13a5. Many group invariants cannot distinguish this group
from the direct product Q8 ×Q8 = 64Γ10a3.

This cohomology computation took 37 hours 24 minutes. More than half
the time was spent on the computation and analysis of Ess∗(G). It is then all
the more susprising that this cohomology ring was calculated several years
ago by hand, by J. Clark [25]. Using Clark’s calculation one can show that
the essential ideal does not square to zero without having to rely on com-
puter calculations (see [39], which also corrects some minor errors in Clark’s
calculation).

Note that the cohomology rings of all remaining groups of order 64 are
described on Carlson’s web page [19].

7.1.4 A 3-group with Cohen–Macaulay defect 2

Let G be a p-group. As in the tables write r for the Krull dimension and
τ for the depth of the cohomology ring. Most known cohomology rings are
either Cohen–Macaulay (τ = r), or have Cohen–Macaulay defect one. (By
definition, the Cohen–Macaulay defect is the difference r − τ between Krull
dimension and depth.) Previously the only exceptions were for the prime 2.
We shall now meet a 3-group with defect 2.

Let G be the small group number 16 of order 243 = 35. Computing the
cohomology ring took 37 minutes. Here are the usual cohomological data. As
there are essential classes, the depth-essential conjecture holds for this group.

m e r z τ nE Degrees nR bR bC |hi| E
2 3 3 1 1 17 1223324252637281 103 16 16 6, 2, 4 3

The Poincaré series is

pG(t) =
1 + 2t+ 2t2 + 2t3 + t4 + t5 + 2t6 + 2t7 + 2t8 + t9

(1 − t2)(1 − t4)(1 − t6)
.
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7.2 Resolutions for larger p-groups

The Sylow 2-subgroups of the sporadic finite simple group HS are of order 29,
and for the Conway group Co3 and the Mathieu group M24 they have order
210. A part of the minimal resolution was constructed for each of these 2-
groups. The ranks as free modules of the terms in these resolutions are given
in Table 7.4. There now follows a brief discussion of each case.

Table 7.4. Minimal resolutions for three Sylow 2-subgroups

Group Syl2HS Syl2Co3 Syl2M24

|G| 29 210 210

rkP0 1 1 1
rkP1 3 4 4
rkP2 7 11 12
rkP3 14 23 25
rkP4 23 41 49
rkP5 34 65 85
rkP6 48 97 143
rkP7 65 139 222
rkP8 84 191 336
rkP9 105 253 485
rkP10 131 328
rkP11 163
rkP12 198
rkP13 236
rkP14 280

Higman–Sims Let G be a Sylow 2-subgroup of HS. The 2-rank of G is 4
and its order is 29. The cohomology ring of this group was completely deter-
mined by Adem, Carlson, Karagueuzian and Milgram [2], based on Carlson’s
construction of the minimal resolution out to the 10th term. All generators
and relations occur by degree 14. Using Diag the minimal resolution was
constructed out to degree 14.

The third Conway group Let G be a Sylow 2-subgroup of Co3. The 2-rank
of G is 4 and its order is 210. The cohomology of Co3 was investigated by
Benson [8], but the cohomology ring of the Sylow 2-subgroup G is still not
known. The package Diag was used to construct the minimal resolution out
to the 10th term. In degree 8 there is a cohomology class whose restriction
to the centre (cyclic of order 2) is nonzero. This class therefore constitutes a
complete Duflot regular sequence. Hence it is thinkable that this cohomology
ring could be completely calculated within the next few years.
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The largest Mathieu group Let G be a Sylow 2-subgroup of M24. The 2-
rank of G is 6 and its order is 210. Maginnis has determined the cohomology
ring structure out to degree 8 using spectral sequence methods. Using the
package Diag I constructed the minimal resolution out to the 9th term. In
degree 8 there is a cohomology class whose restriction to the centre (cyclic of
order 2) is nonzero. This class therefore constitutes a complete Duflot regular
sequence.

The matrix over k = F2 of the 8th differential d8 would require 9,11 GB.
For the construction of d9 out of d8 the Gröbner basis for the elimination
required 130 MB, and the Gröbner basis for the kernel required 124 MB. The
9th differential itself requires 20 MB. Constructing d9 from d8 took 6 days
and 18 hours.

7.3 The period of a periodic module

The natural 3-dimensional F9U3(3)-module M is known to be periodic [35],
but its exact period is not known. The Sylow 3-subgroup G of U3(3) is ex-
traspecial of order 27 and exponent 3. The period of M as a G-module was
previously unknown too: however, by a theorem of Benson and Carlson [11],
one knows that this period divides 6.

Using the package Diag I constructed the minimal resolution of M as a
F9G-module. As M is only defined over F9, the programs had to be adapted
to work over non-prime fields. I was able to show that the period of the G-
module M is 6. This is because the ranks as free modules of the first terms
(starting with the 0th term) are 1, 2, 2, 2, 2, 1, 1, 2, 2; and the maps d7 and d1
have exactly the same matrices.

For this and related computations the matrices and permutations of the
Online ATLAS [60] were indispensable.



A Sample cohomology calculations

The cohomology rings of over a hundred small p-groups may be found on the
World Wide Web at the address

http://www.math.uni-wuppertal.de/˜green/Coho/index.html

Some salient samples are printed in this appendix.

A.1 The cyclic group of order 2

G is C2, the cyclic group of order 2.
This cohomology ring is well known. It has one generator: y in degree 1.
There are no relations.

A.2 The cyclic group of order 4

G is C4, the cyclic group of order 4.
This cohomology ring is well known. It has 2 generators:

1. y in degree 1
2. x in degree 2

There is one minimal relation: y2 = 0.
This minimal resolution constitutes a Gröbner basis for the ideal of relations.

A.3 The Klein 4-group

G is V4, the elementary abelian group of order 4.
This cohomology ring is well known. It has 2 generators:

1. y1 in degree 1
2. y2 in degree 1

There are no relations.

D.J. Green: LNM 1828, pp. 101–130, 2003.
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A.4 The dihedral group of order 8

G is D8, the dihedral group of order 8. It is the third Small Group of order 8
and its Hall–Senior number is 4.
G has rank 2, 2-rank 2 and exponent 4. Its centre has 2-rank 1.
The 3 maximal subgroups are: C4, V4 (2×).
There are 2 conjugacy classes of maximal elementary abelian subgroups. Ev-
ery such subgroup has 2-rank 2.
This cohomology ring is well-known, and was successfully calculated.

Ring structure

The cohomology ring has 3 generators:

1. y1 in degree 1
2. y2 in degree 1
3. x in degree 2, a regular element

There is one minimal relation: y1y2 = 0.
This minimal relation constitutes a Gröbner basis for the ideal of relations.

Essential ideal Zero ideal.

Nilradical Zero ideal.

Completion information

For this cohomology computation the minimal resolution was constructed out
to degree 4. The presentation of the cohomology ring reaches its final form
in degree 2. Carlson’s criterion detects in degree 4 that the presentation is
complete.

This cohomology ring has dimension 2 and depth 2. A homogeneous sys-
tem of parameters is

h1 = x in degree 2
h2 = y2

2 + y2
1 in degree 2

The first two terms h1, h2 constitute a regular sequence of maximal length.
The first term h1 constitutes a complete Duflot-regular sequence. That is
to say, its restriction to the greatest central elementary abelian subgroup
constitutes a regular sequence of maximal length.

Essential ideal The essential ideal is the zero ideal.
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The Koszul complex A basis for R/(h1, h2) is given below. Carlson’s Koszul
condition requires that each basis element has degree less than 4.

1. 1 in degree 0
2. y2 in degree 1
3. y1 in degree 1
4. y2

1 in degree 2

Poincaré series
1 + t

(1 − t)(1 − t2)
.

Restrictions to subgroups

Restriction to maximal subgroup No. 1, isomorphic to V4

y1 �→ y1 y2 �→ 0 x �→ y2
2 + y1y2

Restriction to maximal subgroup No. 2, isomorphic to V4

y1 �→ 0 y2 �→ y1 x �→ y2
2 + y1y2

Restriction to maximal subgroup No. 3, isomorphic to C4

y1 �→ y y2 �→ y x �→ x

Restriction to maximal elementary abelian subgroup No. 1, isomorphic to V4

y1 �→ 0 y2 �→ y2 + y1 x �→ y1y2

Restriction to maximal elementary abelian subgroup No. 2, isomorphic to V4

y1 �→ y2 y2 �→ 0 x �→ y1y2 + y2
1

Restriction to the greatest central elementary abelian subgroup, isomorphic
to C2

y1 �→ 0 y2 �→ 0 x �→ y2

A.5 The quaternion group of order 8

G is Q8, the quaternion group of order 8. It is the fourth Small Group of
order 8 and its Hall–Senior number is 5.
G has rank 2, 2-rank 1 and exponent 4. Its centre has 2-rank 1.
The 3 maximal subgroups are: C4 (3×).
As every involution is central, there is exactly one maximal elementary
abelian subgroup. It has 2-rank 1.
This cohomology ring is well-known, and was successfully calculated.
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Ring structure

The cohomology ring has 3 generators:

1. y1 in degree 1, a nilpotent element
2. y2 in degree 1, a nilpotent element
3. v in degree 4, a regular element

There are two minimal relations:

1. y2
2 = y1y2 + y2

1
2. y3

1 = 0

These minimal relations constitute a Gröbner basis for the ideal of relations.

Essential ideal There are two minimal generators:

1. y1y2
2. y2

1

Nilradical There are two minimal generators:

1. y2
2. y1

Completion information

For this cohomology computation the minimal resolution was constructed out
to degree 4. The presentation of the cohomology ring reaches its final form
in degree 4. Carlson’s criterion detects in degree 4 that the presentation is
complete.

This cohomology ring has dimension 1 and depth 1. A homogeneous sys-
tem of parameters is

h1 = v in degree 4

The first term h1 constitutes a regular sequence of maximal length. The first
term h1 constitutes a complete Duflot-regular sequence. That is to say, its
restriction to the greatest central elementary abelian subgroup constitutes a
regular sequence of maximal length.

Essential ideal The essential ideal is free of rank 3 as a module over the
polynomial algebra in h1. The free generators are:

G1 = y1y2 in degree 2
G2 = y2

1 in degree 2
G3 = y2

1y2 in degree 3

The essential ideal squares to zero.



A.6 The Sylow 2-subgroup of U3(4) 105

The Koszul complex A basis for R/(h1) is given below. Carlson’s Koszul
condition requires that each basis element has degree less than 4.

1. 1 in degree 0
2. y2 in degree 1
3. y1 in degree 1
4. y1y2 in degree 2
5. y2

1 in degree 2
6. y2

1y2 in degree 3

Poincaré series
1 + 2t+ 2t2 + t3

(1 − t4)
.

Restrictions to subgroups

Restriction to maximal subgroup No. 1, isomorphic to C4

y1 �→ 0 y2 �→ y v �→ x2

Restriction to maximal subgroup No. 2, isomorphic to C4

y1 �→ y y2 �→ 0 v �→ x2

Restriction to maximal subgroup No. 3, isomorphic to C4

y1 �→ y y2 �→ y v �→ x2

Restriction to maximal elementary abelian subgroup No. 1, isomorphic to C2

y1 �→ 0 y2 �→ 0 v �→ y4

Restriction to the greatest central elementary abelian subgroup, isomorphic
to C2

y1 �→ 0 y2 �→ 0 v �→ y4

A.6 The Sylow 2-subgroup of U3(4)

G is the Sylow 2-subgroup of U3(4). It is Small Group number 245 of order
64 and its Hall–Senior number is 187.
G has rank 4, 2-rank 2 and exponent 4. Its centre has 2-rank 2.
All fifteen maximal subgroups are isomorphic to the Small Group number 32
of order 32.
As every involution is central, there is exactly one maximal elementary
abelian subgroup. It has 2-rank 2.
This cohomology ring was calculated by Clark [25], albeit with minor errors
(see [39]). The computer calculation was successful.
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Ring structure

The cohomology ring has 26 generators:

1. y1 in degree 1, a nilpotent element
2. y2 in degree 1, a nilpotent element
3. y3 in degree 1, a nilpotent element
4. y4 in degree 1, a nilpotent element
5. v1 in degree 4, a nilpotent element
6. v2 in degree 4, a nilpotent element
7. v3 in degree 4, a nilpotent element
8. v4 in degree 4, a nilpotent element
9. t1 in degree 6, a nilpotent element

10. t2 in degree 6, a nilpotent element
11. t3 in degree 6, a nilpotent element
12. t4 in degree 6, a nilpotent element
13. t5 in degree 6, a nilpotent element
14. t6 in degree 6, a nilpotent element
15. t7 in degree 6, a nilpotent element
16. t8 in degree 6, a nilpotent element
17. r1 in degree 8, a regular element
18. r2 in degree 8, a regular element
19. q1 in degree 9, a nilpotent element
20. q2 in degree 9, a nilpotent element
21. q3 in degree 9, a nilpotent element
22. q4 in degree 9, a nilpotent element
23. q5 in degree 9, a nilpotent element
24. q6 in degree 9, a nilpotent element
25. o1 in degree 11, a nilpotent element
26. o2 in degree 11, a nilpotent element

There are 270 minimal relations:

1. y2
4 = y2y4 + y2y3 + y1y4 + y1y2 + y2

1
2. y2

3 = y2y3 + y2
2 + y1y4 + y1y3

3. y2
2y3 = y1y2y4 + y1y2y3 + y1y

2
2 + y2

1y4
4. y3

2 = y1y2y3 + y1y
2
2 + y2

1y4 + y2
1y2 + y3

1
5. y4v4 = y2v4+y2v2+y1v3+y1v2+y1v1+y3

1y3y4+y3
1y2y4+y4

1y4+y4
1y2+y5

1
6. y4v3 = y2v2 + y1v4 + y1v3 + y1v2 + y4

1y3 + y5
1

7. y4v2 = y2v4 + y1v1 + y3
1y3y4 + y3

1y2y4 + y4
1y2 + y5

1
8. y4v1 = y2v3 + y1v1 + y3

1y3y4 + y4
1y3 + y4

1y2 + y5
1

9. y3v4 = y2v4 + y2v3 + y1v3 + y3
1y3y4 + y4

1y2
10. y3v3 = y2v4 + y2v2 + y1v4 + y4

1y4 + y4
1y3 + y4

1y2
11. y3v2 = y2v2 + y1v4 + y1v1 + y4

1y3 + y4
1y2 + y5

1
12. y3v1 = y2v2 + y1v3 + y1v2 + y1v1 + y3

1y2y4 + y4
1y3 + y5

1
13. y2v1 = y1v2 + y4

1y3 + y4
1y2
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14. y3
1y2y3 = y4

1y4 + y4
1y2

15. y3
1y

2
2 = y4

1y2
16. y4t8 = y2t8 + y2t4 + y1t6 + y1t3 + y1t1 + y1y

2
2v4 + y2

1y2v2 + y3
1v4 + y3

1v3 +
y3
1v2 + y3

1v1
17. y4t7 = y2t8 + y2t3 + y1t6 + y1y

2
2v4 + y3

1v3 + y3
1v2 + y3

1v1
18. y4t6 = y2t4 + y1t7 + y1t5 + y1t3 + y1t1 + y2

1y2v4 + y3
1v4 + y3

1v2
19. y4t5 = y2t8 + y1t8 + y1t4 + y1t1 + y2

1y2v4 + y2
1y2v3 + y3

1v4 + y3
1v2

20. y4t4 = y2t8 + y2t7 + y2t4 + y2t3 + y1t8 + y1t6 + y1t5 + y1t4 + y1t3 + y1t2 +
y2
1y2v3 + y3

1v4 + y3
1v2

21. y4t3 = y2t7 + y2t3 + y1t8 + y1t7 + y1t6 + y1t5 + y1t2 + y1y
2
2v4 + y2

1y2v4 +
y2
1y2v3 + y3

1v4 + y3
1v2 + y3

1v1
22. y4t2 = y2t4 + y1t6 + y1t4 + y1t3 + y3

1v3
23. y4t1 = y2t3 + y1t5 + y1t4 + y1t2 + y1y

2
2v4 + y2

1y2v4 + y3
1v4

24. y3t8 = y2t8 + y2t7 + y2t4 + y2t3 + y1t8 + y1t7 + y1t6 + y1t5 + y1t4 + y1t3 +
y1t1 + y1y

2
2v4 + y3

1v4 + y3
1v1

25. y3t7 = y2t8 + y2t3 + y1t7 + y1t5 + y1t4 + y1t3 + y1t2 + y3
1v4

26. y3t6 = y2t3 + y1t8 + y1t6 + y1t5 + y1t3 + y1t2 + y1y
2
2v4 + y2

1y2v2 + y3
1v4 +

y3
1v2 + y3

1v1
27. y3t5 = y2t4 +y2t3 +y1t7 +y1t3 +y1t2 +y1t1 +y1y

2
2v4 +y2

1y2v3 +y2
1y2v2 +

y3
1v4 + y3

1v2 + y3
1v1

28. y3t4 = y2t4 + y2t3 + y1t6 + y1t3 + y2
1y2v3 + y3

1v4
29. y3t3 = y2t4 + y1t5 + y1t2 + y1y

2
2v4 + y3

1v4 + y3
1v2 + y3

1v1
30. y3t2 = y1t5 + y1y

2
2v4 + y2

1y2v3 + y2
1y2v2 + y3

1v4
31. y3t1 = y1t5 + y1t4 + y1t3 + y1y

2
2v4 + y2

1y2v4 + y2
1y2v3 + y3

1v1
32. y2t6 = y2t4 + y2t3 + y1t6 + y1t4 + y1t3 + y1t1 + y1y

2
2v4 + y3

1v3
33. y2t5 = y2t4+y1t6+y1t5+y1t3+y2

1y2v4+y
2
1y2v3+y

2
1y2v2+y

3
1v4+y

3
1v3+y

3
1v1

34. y2t2 = y1t5 + y1t4 + y1t2 + y1t1 + y3
1v4

35. y2t1 = y1t2 + y1t1 + y2
1y2v4 + y2

1y2v3 + y3
1v4 + y3

1v3 + y3
1v1

36. v2
4 = 0

37. v3v4 = y3
1y2v4 + y3

1y2v3 + y4
1v4 + y4

1v3
38. v2

3 = 0
39. v2v4 = y3

1y2v2 + y4
1v4 + y4

1v3 + y4
1v2 + y4

1v1
40. v2v3 = y3

1y2v3 + y4
1v1

41. v2
2 = 0

42. v1v4 = y2
1y

2
2v4 + y3

1y2v2 + y4
1v4 + y4

1v2
43. v1v3 = y3

1y2v4 + y3
1y2v2 + y4

1v4
44. v1v2 = y3

1y2v3 + y3
1y2v2 + y4

1v4 + y4
1v3

45. v2
1 = 0

46. y3
1t5 = y3

1t4 + y3
1t2 + y3

1t1
47. v4t8 = y2q4 +y2q3 +y1q6 +y1q5 +y2

2r2 +y2
2r1 +y1y3r2 +y1y3r1 +y1y2r2 +

y2
1r2 + y2

1r1 + y4
1t2 + y4

1t1
48. v4t7 = y2q4 + y2q3 + y1q6 + y1q2 + y1q1 + y2

2r2 + y2
2r1 + y1y4r2 + y1y3r2 +

y1y3r1 + y1y2r2 + y1y2r1 + y2
1r2 + y2

1r1 + y4
1t4
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49. v4t6 = y2q3 + y1q3 + y1q2 + y2y4r2 + y2y4r1 + y2
2r1 + y1y4r2 + y1y4r1 +

y1y2r1 + y4
1t4 + y4

1t3 + y4
1t2 + y4

1t1
50. v4t5 = y2q4 +y1q5 +y1q3 +y1q2 +y1q1 +y2y4r2 +y2y4r1 +y2

2r2 +y1y4r1 +
y1y2r2 + y1y2r1 + y4

1t4 + y4
1t3 + y4

1t2 + y4
1t1

51. v4t4 = y1q6 + y1q5 + y1q4 + y1q3 + y1y3r2 + y1y3r1 + y1y2r2 + y4
1t2

52. v4t3 = y2q4 + y2q3 + y1q5 + y1q4 + y1q3 + y2
2r2 + y2

2r1 + y1y4r2 + y1y4r1 +
y1y3r2 + y1y2r1 + y2

1r2 + y2
1r1 + y4

1t3 + y4
1t2

53. v4t2 = y2q3 +y1q6 +y1q5 +y1q2 +y1q1 +y2y4r2 +y2y4r1 +y2
2r1 +y1y4r1 +

y1y3r1 + y1y2r1 + y2
1r2 + y2

1r1 + y4
1t4 + y4

1t2 + y4
1t1

54. v4t1 = y2q3 + y1q6 + y1q5 + y1q4 + y2y4r2 + y2y4r1 + y2
2r1 + y1y4r2 +

y1y4r1 + y1y3r2 + y1y3r1 + y1y2r2 + y1y2r1 + y4
1t1

55. v3t8 = y2q3 + y1q5 + y2y4r2 + y2y4r1 + y2
2r1 + y1y4r2 + y1y4r1 + y1y3r2 +

y1y2r1 + y4
1t3

56. v3t7 = y2q4 +y2q3 +y1q4 +y1q3 +y2
2r2 +y2

2r1 +y2
1r2 +y2

1r1 +y4
1t4 +y4

1t3 +
y4
1t2 + y4

1t1
57. v3t6 = y1q6 + y1q5 + y1q4 + y1q2 + y1q1 + y1y4r2 + y1y3r1 + y1y2r2 +

y1y2r1 + y4
1t4 + y4

1t3 + y4
1t2 + y4

1t1
58. v3t5 = y2q4 + y2q3 + y1q6 + y1q4 + y1q1 + y2

2r2 + y2
2r1 + y1y4r1 + y1y3r2 +

y1y3r1 + y1y2r1 + y4
1t1

59. v3t4 = y2q4 +y2q3 +y1q6 +y1q5 +y2
2r2 +y2

2r1 +y1y3r2 +y1y3r1 +y1y2r2 +
y2
1r2 + y2

1r1 + y4
1t4 + y4

1t3 + y4
1t2 + y4

1t1
60. v3t3 = y2q3 +y1q6 +y1q4 +y2y4r2 +y2y4r1 +y2

2r1 +y1y3r1 +y1y2r2 +y4
1t4

61. v3t2 = y2q3 +y1q6 +y1q5 +y1q4 +y1q3 +y2y4r2 +y2y4r1 +y2
2r1 +y1y3r2 +

y1y3r1 + y1y2r2 + y4
1t4

62. v3t1 = y1q6 + y1q4 + y1q3 + y1q2 + y1y4r2 + y1y4r1 + y1y3r1 + y1y2r2 +
y1y2r1 + y4

1t4 + y4
1t3 + y4

1t2 + y4
1t1

63. v2t8 = y2q4 + y1q6 + y1q5 + y1q3 + y2y4r2 + y2y4r1 + y2
2r2 + y1y4r2 +

y1y4r1 + y1y3r2 + y1y3r1 + y1y2r2 + y1y2r1 + y2
1r2 + y2

1r1 + y4
1t4 + y4

1t1
64. v2t7 = y2q4 +y1q6 +y1q5 +y1q2 +y1q1 +y2y4r2 +y2y4r1 +y2

2r2 +y1y4r1 +
y1y3r1 + y1y2r2 + y2

1r2 + y2
1r1 + y4

1t4 + y4
1t1

65. v2t6 = y1q5+y1q4+y1q2+y1q1+y1y4r1+y1y2r2+y1y2r1+y2
1r2+y

2
1r1+y

4
1t2

66. v2t5 = y2q3 +y1q5 +y1q4 +y1q2 +y1q1 +y2y4r2 +y2y4r1 +y2
2r1 +y1y4r1 +

y1y2r2 + y1y2r1 + y2
1r2 + y2

1r1 + y4
1t4 + y4

1t2 + y4
1t1

67. v2t4 = y2q3 + y1q6 + y1q2 + y1q1 + y2y4r2 + y2y4r1 + y2
2r1 + y1y4r2 +

y1y3r2 + y1y3r1 + y2
1r2 + y2

1r1 + y4
1t3

68. v2t3 = y2q3 + y1q2 + y1q1 + y2y4r2 + y2y4r1 + y2
2r1 + y1y4r1 + y1y3r2 +

y4
1t4 + y4

1t3 + y4
1t2 + y4

1t1
69. v2t2 = y1q5 + y1q1 + y1y4r2 + y1y2r1 + y4

1t3 + y4
1t2

70. v2t1 = y1q5 + y1q2 + y1q1 + y1y4r2 + y1y2r1 + y4
1t3 + y4

1t2 + y4
1t1

71. v1t8 = y2q4 + y1q4 + y1q2 + y2y4r2 + y2y4r1 + y2
2r2 + y1y4r2 + y1y4r1 +

y1y2r1 + y2
1r2 + y2

1r1 + y4
1t4 + y4

1t2 + y4
1t1

72. v1t7 = y2q3 + y1q6 + y1q5 + y1q2 + y2y4r2 + y2y4r1 + y2
2r1 + y1y3r2 +

y1y3r1 + y1y2r1 + y2
1r2 + y2

1r1 + y4
1t4

73. v1t6 = y2q3 +y1q1 +y2y4r2 +y2y4r1 +y2
2r1 +y1y4r1 +y1y3r2 +y4

1t3 +y4
1t1
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74. v1t5 = y2q3 + y1q3 + y1q1 + y2y4r2 + y2y4r1 + y2
2r1 + y1y4r2 + y1y3r2 +

y1y2r1 + y4
1t4 + y4

1t3
75. v1t4 = y2q3 + y1q3 + y1q2 + y1q1 + y2y4r2 + y2y4r1 + y2

2r1 + y1y4r2 +
y1y3r2 + y1y2r1 + y4

1t2 + y4
1t1

76. v1t3 = y1q6 + y1q5 + y1q4 + y1q3 + y1y3r2 + y1y3r1 + y1y2r2 + y4
1t4 + y4

1t2
77. v1t2 = y1q5 + y1q2 + y1y4r2 + y1y4r1 + y1y3r2 + y1y2r1 + y4

1t3
78. v1t1 = y1q1 + y1y4r1 + y1y3r2 + y4

1t3 + y4
1t2 + y4

1t1
79. y4q6 = y2q4 + y2q3 + y1q5 + y1q3 + y1q1 + y3y4r1 + y2y4r2 + y2y4r1 +

y2y3r2 + y2y3r1 + y2
2r2 + y2

2r1 + y1y4r1 + y2
1r2 + y2

1r1 + y4
1t3 + y4

1t1
80. y4q5 = y2q4 + y2q3 + y1q6 + y1q1 + y3y4r2 + y2y4r2 + y2y3r2 + y2y3r1 +

y2
2r2 + y2

2r1 + y1y4r1 + y1y3r2 + y1y3r1 + y4
1t3 + y4

1t2 + y4
1t1

81. y4q4 = y1q6 + y1q5 + y1q4 + y1q2 + y1q1 + y2y4r1 + y2y3r2 + y2y3r1 +
y1y4r2 + y1y3r1 + y2

1r2 + y2
1r1 + y4

1t3 + y4
1t2

82. y4q3 = y1q5 + y1q1 + y2y4r2 + y2y3r2 + y2y3r1 + y1y4r1 + y1y2r2 + y2
1r2 +

y2
1r1 + y4

1t2
83. y4q2 = y2q4 + y1q6 + y1q5 + y1q4 + y2y4r2 + y2y4r1 + y2

2r2 + y1y4r2 +
y1y4r1 + y1y3r2 + y1y3r1 + y4

1t1
84. y4q1 = y2q3 + y1q5 + y1q2 + y1q1 + y3y4r2 + y2y4r2 + y2y3r1 + y2

2r1 +
y1y4r2 + y1y4r1 + y2

1r1 + y4
1t4 + y4

1t2
85. y3q6 = y1q6 + y1q5 + y1q1 + y3y4r2 + y3y4r1 + y2y3r1 + y2

2r1 + y1y3r2 +
y1y3r1 + y1y2r1 + y2

1r2 + y2
1r1 + y4

1t3
86. y3q5 = y2q3 + y1q6 + y1q3 + y1q1 + y3y4r2 + y3y4r1 + y2y4r2 + y2y4r1 +

y2y3r2 +y2y3r1 +y2
2r2 +y2

2r1 +y1y4r2 +y1y4r1 +y1y3r1 +y1y2r1 +y2
1r2 +

y2
1r1 + y4

1t4 + y4
1t2

87. y3q4 = y2q4 + y2q3 + y1q6 + y1q5 + y1q4 + y1q3 + y1q2 + y3y4r2 + y3y4r1 +
y2y3r2 + y2

2r2 + y2
2r1 + y1y2r1 + y4

1t3
88. y3q3 = y2q4 + y1q5 + y1q4 + y1q3 + y1q2 + y3y4r2 + y3y4r1 + y2y4r2 +

y2y4r1 +y2y3r1 +y2
2r2 +y1y4r2 +y1y4r1 +y1y3r2 +y1y2r1 +y2

1r2 +y2
1r1 +

y4
1t4 + y4

1t3 + y4
1t2 + y4

1t1
89. y3q2 = y1q6 + y1y4r2 + y1y4r1 + y1y3r1 + y2

1r2 + y2
1r1 + y4

1t4 + y4
1t3 + y4

1t1
90. y3q1 = y1q6 +y1q5 +y1q4 +y1q3 +y1q2 +y3y4r1 +y2y3r2 +y2

2r2 +y1y4r2 +
y1y3r1 + y1y2r2 + y4

1t4 + y4
1t3 + y4

1t2 + y4
1t1

91. y2q6 = y2q4 +y1q6 +y1q4 +y1q2 +y2y3r1 +y2
2r2 +y1y3r1 +y1y2r2 +y4

1t3 +
y4
1t2 + y4

1t1
92. y2q5 = y1q6 + y1q4 + y1q1 + y2y4r2 + y2y4r1 + y2y3r2 + y2

2r1 + y1y4r1 +
y1y3r2 + y1y3r1 + y1y2r2 + y4

1t4 + y4
1t3 + y4

1t2 + y4
1t1

93. y2q2 = y1q6 + y1q5 + y1q4 + y1y4r2 + y1y4r1 + y1y3r2 + y1y3r1 + y1y2r2 +
y1y2r1 + y4

1t4 + y4
1t3 + y4

1t1
94. y2q1 = y1q5 + y1q2 + y1q1 + y2y4r1 + y2y3r2 + y1y4r2 + y1y2r1 + y4

1t4 +
y4
1t2 + y4

1t1
95. t28 = y2

1y2y4r2 +y2
1y2y3r2 +y2

1y2y3r1 +y2
1y

2
2r1 +y3

1y4r2 +y3
1y4r1 +y3

1y3r1 +
y3
1y2r2

96. t7t8 = y2
1y2q4+y3

1q6+y3
1q5+y3

1q4+y3
1q1+y2

1y3y4r2+y2
1y3y4r1+y2

1y2y4r1+
y2
1y2y3r1 + y3

1y4r1 + y3
1y3r1 + y3

1y2r1 + y4
1r1
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97. t27 = y2
1y2y4r1 + y2

1y2y3r2 + y2
1y

2
2r2 + y2

1y
2
2r1 + y3

1y4r2 + y3
1y3r2 + y3

1y3r1 +
y3
1y2r1

98. t6t8 = y3
1q6 + y3

1q5 + y3
1q3 + y2

1y3y4r2 + y2
1y2y4r2 + y2

1y2y4r1 + y2
1y2y3r2 +

y2
1y

2
2r2 + y3

1y3r2 + y3
1y2r2 + y4

1r2
99. t6t7 = y2

1y2q4+y3
1q6+y3

1q4+y3
1q2+y2

1y3y4r1+y2
1y2y4r1+y3

1y4r2+y3
1y4r1+

y3
1y3r2 + y3

1y2r2 + y4
1r2 + y4

1r1
100. t26 = y2

1y2y4r2 +y2
1y2y3r2 +y2

1y2y3r1 +y2
1y

2
2r2 +y2

1y
2
2r1 +y3

1y4r2 +y3
1y4r1 +

y3
1y3r1 + y3

1y2r2 + y4
1r1

101. t5t8 = y2
1y2q4 +y3

1q6 +y3
1q3 +y3

1q2 +y3
1q1 +y2

1y2y4r2 +y2
1y2y3r2 +y2

1y
2
2r1 +

y3
1y4r2 + y3

1y4r1 + y3
1y2r2 + y3

1y2r1 + y4
1r2 + y4

1r1
102. t5t7 = y2

1y2q4+y3
1q6+y3

1q5+y3
1q4+y3

1q3+y2
1y3y4r2+y2

1y2y4r2+y2
1y2y3r2+

y2
1y2y3r1+y2

1y
2
2r2+y2

1y
2
2r1+y3

1y4r2+y3
1y3r2+y3

1y3r1+y3
1y2r2+y4

1r2+y4
1r1

103. t5t6 = y2
1y2q4+y3

1q5+y3
1q4+y3

1q3+y3
1q2+y2

1y3y4r1+y2
1y2y4r1+y2

1y2y3r1+
y2
1y

2
2r2 + y2

1y
2
2r1 + y3

1y4r1 + y3
1y3r1

104. t25 = y2
1y2y4r2 +y2

1y2y4r1 +y2
1y2y3r1 +y2

1y
2
2r2 +y3

1y4r1 +y3
1y3r2 +y3

1y2r2 +
y3
1y2r1

105. t4t8 = y3
1q6+y3

1q4+y3
1q2+y3

1q1+y2
1y3y4r2+y2

1y3y4r1+y2
1y2y4r1+y2

1y
2
2r2+

y2
1y

2
2r1 + y3

1y4r2 + y3
1y4r1 + y3

1y3r1 + y4
1r2 + y4

1r1
106. t4t7 = y2

1y2q4+y2
1y2q3+y3

1q5+y3
1q3+y2

1y2y3r2+y2
1y

2
2r1+y3

1y4r2+y3
1y3r2+

y4
1r2

107. t4t6 = y2
1y2q4 + y2

1y2q3 + y3
1q6 + y3

1q4 + y3
1q3 + y3

1q2 + y3
1q1 + y2

1y3y4r2 +
y2
1y3y4r1 + y2

1y2y3r1 + y3
1y4r1 + y3

1y3r2 + y3
1y2r2

108. t4t5 = y3
1q6 +y3

1q5 +y3
1q4 +y3

1q3 +y3
1q1 +y2

1y3y4r2 +y2
1y2y4r2 +y2

1y2y4r1 +
y2
1y

2
2r2 + y3

1y2r2 + y3
1y2r1 + y4

1r2
109. t24 = y2

1y2y4r2 +y2
1y2y4r1 +y2

1y2y3r1 +y2
1y

2
2r1 +y3

1y4r1 +y3
1y3r2 +y3

1y2r2 +
y3
1y2r1 + y4

1r2
110. t3t8 = y3

1q5 + y3
1q4 + y3

1q3 + y2
1y3y4r1 + y2

1y
2
2r2 + y2

1y
2
2r1 + y3

1y2r2 + y4
1r1

111. t3t7 = y2
1y2q4 + y2

1y2q3 + y3
1q3 + y3

1q2 + y3
1q1 + y2

1y2y4r2 + y2
1y2y4r1 +

y2
1y2y3r2 + y2

1y
2
2r1 + y4

1r1
112. t3t6 = y2

1y2q4 +y3
1q6 +y3

1q5 +y3
1q4 +y3

1q2 +y2
1y3y4r1 +y2

1y2y3r2 +y2
1y

2
2r1 +

y3
1y4r2 + y3

1y3r2 + y3
1y3r1 + y3

1y2r2 + y4
1r2

113. t3t5 = y2
1y2q3 + y3

1q6 + y3
1q5 + y3

1q4 + y3
1q3 + y3

1q1 + y2
1y3y4r2 + y2

1y3y4r1 +
y2
1y2y4r2 + y2

1y2y4r1 + y2
1y

2
2r2 + y2

1y
2
2r1 + y3

1y4r2 + y3
1y4r1 + y3

1y2r2 + y4
1r1

114. t3t4 = y3
1q6 + y3

1q5 + y3
1q3 + y3

1q1 + y2
1y3y4r2 + y2

1y3y4r1 + y2
1y2y4r2 +

y2
1y2y3r2 + y2

1y
2
2r2 + y2

1y
2
2r1 + y3

1y4r2 + y3
1y3r1

115. t23 = y2
1y2y4r1 + y2

1y2y3r2 + y3
1y4r2 + y3

1y3r2 + y3
1y3r1 + y3

1y2r1 + y4
1r2

116. t2t8 = y3
1q4 + y3

1q2 + y2
1y2y4r1 + y2

1y2y3r1 + y2
1y

2
2r1 + y3

1y4r2 + y3
1y3r2 +

y3
1y3r1 + y3

1y2r2 + y4
1r2 + y4

1r1
117. t2t7 = y3

1q3 +y3
1q1 +y2

1y3y4r2 +y2
1y3y4r1 +y2

1y2y4r2 +y2
1y2y4r1 +y2

1y
2
2r1 +

y3
1y3r1

118. t2t6 = y2
1y2q3 + y3

1q2 + y3
1q1 + y2

1y3y4r1 + y2
1y

2
2r2 + y2

1y
2
2r1 + y3

1y4r2 +
y3
1y3r2 + y3

1y2r1 + y4
1r2

119. t2t5 = y2
1y2q4 + y3

1q6 + y3
1q3 + y2

1y2y3r2 + y2
1y2y3r1 + y2

1y
2
2r1 + y3

1y4r2 +
y3
1y4r1 + y3

1y3r2 + y3
1y3r1 + y3

1y2r2 + y4
1r2 + y4

1r1
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120. t2t4 = y2
1y2q4 + y2

1y2q3 + y3
1q5 + y3

1q4 + y3
1q1 + y2

1y2y4r2 + y2
1y2y4r1 +

y2
1y2y3r1 + y3

1y3r2 + y3
1y2r2 + y3

1y2r1
121. t2t3 = y2

1y2q3 +y3
1q6 +y3

1q2 +y2
1y3y4r1 +y2

1y2y4r2 +y2
1y2y4r1 +y2

1y2y3r1 +
y2
1y

2
2r1 + y3

1y4r1 + y3
1y3r2 + y3

1y3r1 + y3
1y2r2 + y4

1r1
122. t22 = y2

1y
2
2r2 + y2

1y
2
2r1 + y4

1r2
123. t1t8 = y3

1q6+y3
1q5+y3

1q3+y2
1y3y4r2+y2

1y2y3r1+y3
1y4r2+y3

1y4r1+y3
1y2r2+

y4
1r1

124. t1t7 = y2
1y2q4 +y2

1y2q3 +y3
1q5 +y3

1q4 +y3
1q3 +y3

1q1 +y2
1y3y4r1 +y2

1y2y4r2 +
y2
1y2y4r1 + y2

1y2y3r2 + y2
1y2y3r1 + y2

1y
2
2r1 + y3

1y4r2 + y3
1y2r1

125. t1t6 = y2
1y2q3 + y3

1q3 + y3
1q2 + y2

1y3y4r1 + y2
1y2y4r2 + y3

1y3r1 + y3
1y2r2 +

y3
1y2r1 + y4

1r2
126. t1t5 = y2

1y2q4 + y2
1y2q3 + y3

1q2 + y3
1q1 + y2

1y3y4r1 + y2
1y2y3r2 + y2

1y2y3r1 +
y2
1y

2
2r2 + y2

1y
2
2r1 + y3

1y4r1 + y3
1y2r2 + y4

1r1
127. t1t4 = y2

1y2q3 + y3
1q4 + y3

1q3 + y3
1q1 + y2

1y3y4r1 + y2
1y2y4r2 + y2

1y2y4r1 +
y2
1y2y3r2 + y2

1y2y3r1 + y2
1y

2
2r2 + y2

1y
2
2r1 + y3

1y4r1 + y3
1y2r2 + y4

1r2 + y4
1r1

128. t1t3 = y2
1y2q3 + y3

1q6 + y3
1q5 + y3

1q4 + y3
1q3 + y3

1q1 + y2
1y2y4r2 + y2

1y2y3r1 +
y2
1y

2
2r2 + y3

1y3r2 + y3
1y2r2 + y4

1r1
129. t1t2 = y3

1q4 + y3
1q3 + y3

1q2 + y2
1y2y3r1 + y3

1y4r1 + y3
1y2r1 + y4

1r1
130. t21 = y2

1y
2
2r1 + y4

1r2 + y4
1r1

131. y4o2 = y2
1y2q4 +y2

1y2q3 +y3
1q6 +y3

1q4 +y3
1q2 +y3

1q1 +y2
1y3y4r1 +y2

1y2y4r2 +
y2
1y2y3r1 + y2

1y
2
2r2 + y3

1y3r2 + y3
1y3r1

132. y4o1 = y2
1y2q4 + y2

1y2q3 + y3
1q6 + y2

1y2y4r2 + y2
1y2y4r1 + y2

1y
2
2r2 + y3

1y4r2 +
y3
1y2r2 + y4

1r2 + y4
1r1

133. y3o2 = y2
1y2q4 + y2

1y2q3 + y3
1q4 + y3

1q3 + y2
1y3y4r1 + y2

1y2y3r2 + y2
1y

2
2r2 +

y2
1y

2
2r1 + y3

1y4r1 + y4
1r2 + y4

1r1
134. y3o1 = y3

1q3 + y3
1q1 + y2

1y3y4r1 + y2
1y2y3r2 + y3

1y4r2 + y3
1y4r1 + y3

1y3r2 +
y3
1y2r1 + y4

1r1
135. y2o2 = y3

1q6 + y3
1q4 + y3

1q3 + y3
1q2 + y3

1q1 + y2
1y2y4r1 + y2

1y
2
2r2 + y2

1y
2
2r1 +

y3
1y4r2 + y3

1y3r2 + y3
1y2r2 + y3

1y2r1 + y4
1r1

136. y2o1 = y2
1y2q4 + y2

1y2q3 + y3
1q6 + y3

1q3 + y3
1q1 + y2

1y3y4r1 + y2
1y2y4r1 +

y3
1y3r2 + y3

1y2r2 + y3
1y2r1 + y4

1r2 + y4
1r1

137. y1o2 = y2
1y2q4 + y2

1y2q3 + y3
1q5 + y3

1q2 + y2
1y3y4r1 + y2

1y2y4r1 + y2
1y2y3r1 +

y2
1y

2
2r2 + y2

1y
2
2r1 + y3

1y4r2 + y3
1y3r2 + y3

1y3r1
138. y1o1 = y2

1y2q4 +y3
1q4 +y3

1q3 +y3
1q2 +y2

1y2y4r2 +y2
1y

2
2r2 +y3

1y3r1 +y3
1y2r2 +

y4
1r2

139. v4q6 = y2v4r2 + y2v3r1 + y2v2r2 + y2v2r1 + y1v4r2 + y1v4r1 + y1v3r2 +
y1v2r2 + y1v2r1 + y1v1r2 + y1v1r1 + y4

1q4 + y4
1q3 + y3

1y3y4r2 + y3
1y2y4r2 +

y3
1y2y4r1 + y4

1y4r2 + y4
1y4r1 + y4

1y2r1
140. v4q5 = y2v3r2+y2v2r2+y2v2r1+y1v3r1+y1v2r2+y1v2r1+y1v1r2+y1v1r1+

y4
1q1+y

3
1y3y4r1+y

3
1y2y4r2+y

3
1y2y4r1+y

4
1y4r2+y

4
1y3r2+y

4
1y2r1+y

5
1r2+y

5
1r1

141. v4q4 = y2v4r1 + y2v2r2 + y2v2r1 + y1v4r2 + y1v4r1 + y1v3r2 + y1v3r1 +
y1v2r2+y1v2r1+y1v1r2+y1v1r1+y4

1q4+y3
1y3y4r2+y3

1y3y4r1+y3
1y2y4r2+

y3
1y2y4r1 + y4

1y2r1
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142. v4q3 = y2v4r2 + y2v2r2 + y2v2r1 + y1v3r2 + y1v3r1 + y1v2r2 + y1v2r1 +
y1v1r2 + y1v1r1 + y4

1q3 + y4
1q2 + y4

1q1 + y3
1y3y4r2 + y3

1y3y4r1 + y3
1y2y4r2 +

y3
1y2y4r1 + y4

1y4r1 + y4
1y3r2 + y4

1y2r2 + y5
1r2 + y5

1r1
143. v4q2 = y4

1q4 + y4
1q3 + y4

1q2 + y4
1q1 + y4

1y4r1 + y4
1y3r2 + y4

1y2r2 + y4
1y2r1 +

y5
1r2 + y5

1r1
144. v4q1 = y2v4r2+y2v4r1+y2v3r2+y2v2r1+y1v3r2+y1v3r1+y1v2r1+y1v1r1+

y4
1q2+y

4
1q1+y

3
1y3y4r2+y

3
1y3y4r1+y

3
1y2y4r1+y

4
1y3r2+y

4
1y2r2+y

4
1y2r1+y

5
1r1

145. v3q6 = y2v4r1 + y2v2r2 + y1v4r2 + y1v2r2 + y1v2r1 + y4
1q4 + y4

1q3 + y4
1q1 +

y4
1y2r2

146. v3q5 = y2v4r2 + y2v3r1 + y2v2r1 + y1v4r1 + y1v3r2 + y1v3r1 + y1v2r2 +
y1v2r1 + y4

1q3 + y4
1q1 + y4

1y3r2 + y4
1y3r1 + y4

1y2r2 + y4
1y2r1 + y5

1r2 + y5
1r1

147. v3q4 = y2v3r2 + y2v2r2 + y2v2r1 + y1v4r2 + y1v4r1 + y1v2r2 + y1v2r1 +
y4
1q4 + y4

1q1 + y4
1y4r2 + y4

1y3r1 + y4
1y2r2

148. v3q3 = y2v3r1 + y2v2r2 + y2v2r1 + y1v4r2 + y1v4r1 + y1v3r2 + y1v3r1 +
y1v2r2 + y1v2r1 + y4

1q3 + y4
1q1 + y4

1y4r2 + y4
1y3r1 + y4

1y2r1 + y5
1r2 + y5

1r1
149. v3q2 = y4

1q4 + y4
1q3 + y4

1q2 + y4
1y2r2 + y4

1y2r1 + y5
1r2 + y5

1r1
150. v3q1 = y2v4r2 + y2v2r2 + y2v2r1 + y1v4r2 + y1v4r1 + y1v3r1 + y1v2r1 +

y4
1q3 + y4

1y4r1 + y4
1y3r2 + y4

1y3r1 + y4
1y2r2 + y4

1y2r1 + y5
1r1

151. v2q6 = y2v4r2 + y2v4r1 + y2v2r1 + y1v4r1 + y1v2r2 + y1v2r1 + y1v1r2 +
y4
1q3 + y3

1y3y4r2 + y3
1y3y4r1 + y3

1y2y4r2 + y3
1y2y4r1 + y4

1y4r2 + y4
1y4r1 +

y4
1y3r1 + y4

1y2r2 + y4
1y2r1 + y5

1r2
152. v2q5 = y2v4r2 +y2v4r1 +y2v2r2 +y2v2r1 +y1v4r2 +y1v1r1 +y4

1q3 +y4
1q1 +

y3
1y3y4r2 + y3

1y3y4r1 + y3
1y2y4r2 + y3

1y2y4r1 + y4
1y4r2 + y5

1r1
153. v2q4 = y2v4r2+y2v4r1+y2v2r2+y1v2r2+y1v2r1+y1v1r2+y1v1r1+y4

1q4+
y4
1q1+y3

1y3y4r2+y3
1y3y4r1+y3

1y2y4r2+y3
1y2y4r1+y4

1y4r2+y4
1y3r2+y4

1y2r1
154. v2q3 = y2v4r2 + y2v4r1 + y2v2r1 + y1v1r2 + y1v1r1 + y4

1q4 + y4
1q3 + y4

1q1 +
y3
1y3y4r2 + y3

1y3y4r1 + y3
1y2y4r2 + y3

1y2y4r1 + y4
1y4r1 + y4

1y3r2
155. v2q2 = y4

1q2 + y4
1q1 + y4

1y4r1 + y4
1y3r2

156. v2q1 = y2v4r1+y2v2r2+y1v4r2+y1v1r2+y1v1r1+y4
1q4+y4

1q2+y3
1y3y4r1+

y3
1y2y4r1 + y4

1y4r2 + y4
1y4r1 + y4

1y3r2 + y4
1y2r1

157. v1q6 = y2v3r2 +y2v3r1 +y2v2r1 +y1v3r1 +y1v2r1 +y1v1r1 +y4
1q4 +y4

1q3 +
y3
1y3y4r2 + y3

1y3y4r1 + y3
1y2y4r1 + y4

1y3r2 + y5
1r1

158. v1q5 = y2v3r2 + y2v3r1 + y2v2r2 + y1v3r2 + y1v2r2 + y1v2r1 + y1v1r1 +
y4
1q4 + y4

1q3 + y4
1q2 + y3

1y3y4r2 + y3
1y3y4r1 + y3

1y2y4r2 + y4
1y2r1 + y5

1r2
159. v1q4 = y2v3r2 + y2v3r1 + y1v2r2 + y4

1q1 + y3
1y3y4r2 + y3

1y3y4r1 + y4
1y4r1 +

y4
1y3r2 + y4

1y3r1 + y4
1y2r1 + y5

1r2 + y5
1r1

160. v1q3 = y2v3r2 + y2v3r1 + y1v2r1 + y1v1r2 + y1v1r1 + y4
1q4 + y4

1q3 + y4
1q1 +

y3
1y3y4r2 + y3

1y3y4r1 + y4
1y4r1 + y4

1y2r1
161. v1q2 = y4

1q4 + y4
1y4r2 + y4

1y4r1 + y4
1y2r2 + y5

1r2 + y5
1r1

162. v1q1 = y2v3r1 +y2v2r2 +y1v3r2 +y1v2r2 +y1v1r2 +y1v1r1 +y4
1q3 +y4

1q2 +
y3
1y3y4r1 + y3

1y2y4r2 + y4
1y4r2 + y4

1y4r1 + y4
1y3r2 + y4

1y3r1 + y5
1r2 + y5

1r1
163. t8q6 = y2t8r2+y2t7r1+y2t4r2+y2t3r1+y1t8r2+y1t7r1+y1t6r2+y1t5r1+

y1t4r1 + y1t3r2 + y1t1r2 + y1y
2
2v4r1 + y2

1y2v4r2 + y2
1y2v4r1 + y2

1y2v3r2 +
y2
1y2v2r2 +y2

1y2v2r1 +y3
1v4r2 +y3

1v3r1 +y3
1v2r2 +y3

1v2r1 +y3
1v1r2 +y3

1v1r1
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164. t8q5 = y2t7r2+y2t4r1+y2t3r2+y1t8r2+y1t7r2+y1t6r1+y1t5r2+y1t4r2+
y1t3r1+y1t1r1+y1y2

2v4r2+y
2
1y2v4r2+y

2
1y2v3r2+y

3
1v4r1+y

3
1v3r2+y

3
1v2r2+

y3
1v1r2 + y3

1v1r1
165. t8q4 = y2t8r1+y2t4r2+y2t4r1+y1t8r2+y1t8r1+y1t6r2+y1t6r1+y1t3r2+

y1t3r1 +y1t1r2 +y1t1r1 +y2
1y2v3r1 +y2

1y2v2r1 +y3
1v3r2 +y3

1v3r1 +y3
1v2r1 +

y3
1v1r2 + y3

1v1r1
166. t8q3 = y2t8r2+y2t4r2+y2t4r1+y1t6r2+y1t6r1+y1t3r2+y1t3r1+y1t1r2+

y1t1r1 + y1y
2
2v4r1 + y2

1y2v3r2 + y2
1y2v3r1 + y2

1y2v2r2 + y3
1v4r1 + y3

1v3r2 +
y3
1v3r1 + y3

1v2r2 + y3
1v1r2 + y3

1v1r1
167. t8q2 = y1y

2
2v4r2 +y1y

2
2v4r1 +y2

1y2v4r2 +y2
1y2v4r1 +y2

1y2v3r2 +y2
1y2v3r1 +

y3
1v4r1 + y3

1v3r2 + y3
1v2r2

168. t8q1 = y2t8r2 + y2t8r1 + y2t7r2 + y2t4r2 + y2t4r1 + y2t3r2 + y1t8r2 +
y1t7r2 + y1t6r2 + y1t6r1 + y1t5r2 + y1t4r2 + y1t3r2 + y1t3r1 + y1t1r2 +
y1t1r1 + y1y

2
2v4r1 + y2

1y2v4r2 + y2
1y2v3r2 + y2

1y2v2r1 + y3
1v1r2 + y3

1v1r1
169. t7q6 = y2t8r2+y2t3r2+y1t7r2+y1t6r2+y1t6r1+y1t5r1+y1t4r1+y1t3r1+

y1t2r1+y2
1y2v2r2+y2

1y2v2r1+y3
1v4r2+y3

1v4r1+y3
1v3r2+y3

1v3r1+y3
1v2r2+

y3
1v2r1 + y3

1v1r1
170. t7q5 = y2t8r1+y2t7r1+y2t3r1+y1t7r2+y1t6r2+y1t6r1+y1t5r2+y1t4r2+

y1t3r2 + y1t2r2 + y1y
2
2v4r2 + y2

1y2v4r2 + y2
1y2v4r1 + y2

1y2v3r2 + y2
1y2v3r1 +

y2
1y2v2r1 + y3

1v4r2 + y3
1v3r1 + y3

1v2r1
171. t7q4 = y2t8r2+y2t8r1+y2t7r2+y2t3r2+y2t3r1+y1t7r2+y1t7r1+y1t6r2+

y1t6r1 + y1y
2
2v4r2 + y2

1y2v3r2 + y2
1y2v3r1 + y3

1v3r2 + y3
1v3r1 + y3

1v2r2
172. t7q3 = y2t8r2 + y2t8r1 + y2t7r1 + y2t3r2 + y2t3r1 + y1t6r2 + y1t6r1 +

y2
1y2v3r2 + y3

1v3r2 + y3
1v3r1 + y3

1v1r1
173. t7q2 = y1y

2
2v4r2 + y2

1y2v4r2 + y2
1y2v4r1 + y2

1y2v3r2 + y3
1v4r2 + y3

1v4r1 +
y3
1v3r2 + y3

1v1r1
174. t7q1 = y2t8r2+y2t8r1+y2t3r2+y2t3r1+y1t7r2+y1t6r1+y1t5r2+y1t4r2+

y1t3r2 + y1t2r2 + y2
1y2v4r2 + y2

1y2v3r1 + y3
1v2r1 + y3

1v1r2
175. t6q6 = y2t4r2+y2t4r1+y2t3r1+y1t8r1+y1t7r2+y1t7r1+y1t6r2+y1t5r2+

y1t3r2 +y1t2r1 +y1t1r2 +y1t1r1 +y2
1y2v3r1 +y2

1y2v2r2 +y3
1v3r2 +y3

1v2r2 +
y3
1v2r1 + y3

1v1r1
176. t6q5 = y2t4r2 + y2t3r2 + y2t3r1 + y1t8r2 + y1t7r2 + y1t7r1 + y1t6r2 +

y1t6r1+y1t5r1+y1t4r1+y1t2r2+y1t1r2+y2
1y2v4r1+y2

1y2v3r1+y2
1y2v2r2+

y2
1y2v2r1 + y3

1v4r2 + y3
1v2r1 + y3

1v1r2
177. t6q4 = y2t4r1+y2t3r2+y1t7r2+y1t7r1+y1t6r1+y1t5r2+y1t5r1+y1t4r2+

y1t3r1+y1t1r1+y2
1y2v4r1+y2

1y2v2r1+y3
1v4r2+y3

1v3r2+y3
1v3r1+y3

1v2r1+
y3
1v1r1

178. t6q3 = y2t4r2+y2t3r1+y1t7r2+y1t7r1+y1t6r1+y1t5r2+y1t5r1+y1t4r1+
y1t3r2+y1t1r2+y2

1y2v4r2+y
2
1y2v2r2+y

2
1y2v2r1+y

3
1v3r2+y

3
1v2r2+y

3
1v1r2+

y3
1v1r1

179. t6q2 = y1y
2
2v4r2+y2

1y2v3r2+y2
1y2v3r1+y2

1y2v2r2+y3
1v4r2+y3

1v2r1+y3
1v1r2

180. t6q1 = y2t4r1+y2t3r2+y1t8r2+y1t7r1+y1t6r2+y1t5r2+y1t5r1+y1t3r2+
y1t3r1 + y1t2r2 + y1t1r1 + y1y

2
2v4r2 + y1y

2
2v4r1 + y2

1y2v4r1 + y2
1y2v3r2 +

y2
1y2v2r2 + y2

1y2v2r1 + y3
1v4r2 + y3

1v1r2 + y3
1v1r1
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181. t5q6 = y2t8r2+y2t8r1+y2t4r1+y2t3r1+y1t8r2+y1t8r1+y1t7r1+y1t5r2+
y1t5r1 +y1t4r2 +y1t4r1 +y1t3r1 +y1t2r1 +y1t1r2 +y1y

2
2v4r2 +y1y

2
2v4r1 +

y2
1y2v4r1 + y2

1y2v3r2 + y2
1y2v3r1 + y2

1y2v2r1 + y3
1v4r2 + y3

1v3r1 + y3
1v2r2 +

y3
1v1r2

182. t5q5 = y2t8r2+y2t8r1+y2t4r2+y2t4r1+y2t3r2+y1t8r2+y1t8r1+y1t7r2+
y1t6r1 + y1t5r1 + y1t4r2 + y1t4r1 + y1t3r2 + y1t3r1 + y1t2r2 + y1t1r1 +
y2
1y2v4r2 + y2

1y2v4r1 + y2
1y2v3r1 + y2

1y2v2r1 + y3
1v3r2 + y3

1v2r2 + y3
1v1r2

183. t5q4 = y2t8r2 + y2t8r1 + y2t4r2 + y1t8r2 + y1t8r1 + y1t6r2 + y1t5r1 +
y1t4r2+y1t4r1+y1t3r2+y1t1r2+y1t1r1+y1y2

2v4r2+y2
1y2v4r1+y2

1y2v3r2+
y2
1y2v2r2 + y2

1y2v2r1 + y3
1v4r2 + y3

1v4r1 + y3
1v3r2 + y3

1v2r2 + y3
1v1r2

184. t5q3 = y2t8r2+y2t8r1+y2t4r1+y1t8r2+y1t8r1+y1t6r1+y1t5r1+y1t4r2+
y1t4r1+y1t3r1+y1t1r2+y1t1r1+y1y2

2v4r1+y2
1y2v4r2+y2

1y2v2r2+y3
1v4r2+

y3
1v4r1 + y3

1v3r1 + y3
1v1r1

185. t5q2 = y1y
2
2v4r2 +y2

1y2v4r2 +y2
1y2v3r2 +y3

1v4r2 +y3
1v4r1 +y3

1v3r1 +y3
1v2r1

186. t5q1 = y2t8r1+y2t4r2+y2t3r2+y1t8r1+y1t7r2+y1t4r1+y1t3r2+y1t2r2+
y1t1r2 + y1t1r1 + y1y

2
2v4r2 + y1y

2
2v4r1 + y2

1y2v3r2 + y2
1y2v2r2 + y3

1v4r1 +
y3
1v3r2 + y3

1v3r1 + y3
1v1r2

187. t4q6 = y2t8r2+y2t8r1+y2t7r2+y2t7r1+y2t4r2+y2t3r2+y1t8r2+y1t8r1+
y1t6r2 +y1t5r2 +y1t5r1 +y1t3r2 +y1t2r2 +y1t2r1 +y1y

2
2v4r2 +y2

1y2v4r1 +
y2
1y2v2r2 + y3

1v4r1 + y3
1v3r2 + y3

1v3r1 + y3
1v2r1 + y3

1v1r2
188. t4q5 = y2t8r2+y2t8r1+y2t7r2+y2t7r1+y2t3r1+y1t8r2+y1t8r1+y1t6r1+

y1t5r2 + y1t5r1 + y1t4r2 + y1t4r1 + y1t3r1 + y1t2r2 + y1t2r1 + y1y
2
2v4r2 +

y2
1y2v4r1 + y2

1y2v3r2 + y2
1y2v2r2 + y2

1y2v2r1 + y3
1v4r2 + y3

1v4r1 + y3
1v3r2 +

y3
1v3r1 + y3

1v2r2 + y3
1v2r1

189. t4q4 = y2t8r2+y2t8r1+y2t7r2+y2t7r1+y2t4r1+y2t3r2+y2t3r1+y1t8r2+
y1t8r1+y1t6r2+y1t6r1+y1t5r2+y1t5r1+y1t3r2+y1t3r1+y1t2r2+y1t2r1+
y1y

2
2v4r2 +y2

1y2v4r2 +y2
1y2v4r1 +y2

1y2v3r2 +y2
1y2v2r2 +y3

1v4r2 +y3
1v4r1 +

y3
1v3r2 + y3

1v2r2 + y3
1v1r2 + y3

1v1r1
190. t4q3 = y2t8r2+y2t8r1+y2t7r2+y2t7r1+y2t4r2+y2t3r2+y2t3r1+y1t8r2+

y1t8r1+y1t6r2+y1t6r1+y1t5r2+y1t5r1+y1t4r2+y1t4r1+y1t3r2+y1t3r1+
y1t2r2+y1t2r1+y1y2

2v4r1+y
2
1y2v4r2+y

2
1y2v2r1+y

3
1v4r2+y

3
1v4r1+y

3
1v3r1+

y3
1v1r2

191. t4q2 = y1y
2
2v4r2 + y2

1y2v4r2 + y2
1y2v3r2 + y2

1y2v2r2 + y2
1y2v2r1 + y3

1v4r2 +
y3
1v4r1 + y3

1v3r1 + y3
1v2r1 + y3

1v1r2
192. t4q1 = y2t8r1+y2t7r1+y2t4r2+y2t4r1+y2t3r2+y2t3r1+y1t8r1+y1t6r2+

y1t6r1 +y1t5r1 +y1t4r1 +y1t3r2 +y1t3r1 +y1t2r1 +y1y
2
2v4r1 +y2

1y2v4r1 +
y2
1y2v3r2 + y2

1y2v2r2 + y3
1v4r1 + y3

1v3r2 + y3
1v3r1 + y3

1v2r2 + y3
1v1r1

193. t3q6 = y2t7r2+y2t7r1+y2t4r1+y2t3r2+y2t3r1+y1t8r2+y1t8r1+y1t7r2+
y1t7r1 + y1t6r2 + y1t6r1 + y1t5r2 + y1t3r2 + y1t3r1 + y1t2r2 + y1y

2
2v4r2 +

y2
1y2v4r2 + y2

1y2v3r2 + y2
1y2v3r1 + y2

1y2v2r1 + y3
1v4r2 + y3

1v3r2 + y3
1v3r1 +

y3
1v2r2 + y3

1v2r1
194. t3q5 = y2t7r2+y2t7r1+y2t4r2+y2t3r2+y1t8r2+y1t8r1+y1t7r2+y1t7r1+

y1t6r2 + y1t6r1 + y1t5r1 + y1t2r1 + y2
1y2v3r2 + y3

1v4r2 + y3
1v4r1 + y3

1v3r2 +
y3
1v1r2 + y3

1v1r1
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195. t3q4 = y2t7r2+y2t7r1+y2t3r1+y1t8r2+y1t8r1+y1t7r2+y1t7r1+y1t6r2+
y1t6r1 + y1t5r2 + y1t5r1 + y1t3r2 + y1t3r1 + y1t2r2 + y1t2r1 + y2

1y2v4r1 +
y2
1y2v3r1 + y3

1v4r2 + y3
1v4r1 + y3

1v3r1 + y3
1v2r2 + y3

1v1r2 + y3
1v1r1

196. t3q3 = y2t7r2+y2t7r1+y2t3r2+y1t8r2+y1t8r1+y1t7r2+y1t7r1+y1t6r2+
y1t6r1+y1t5r2+y1t5r1+y1t2r2+y1t2r1+y1y2

2v4r1+y2
1y2v4r2+y2

1y2v3r2+
y3
1v4r2 + y3

1v4r1 + y3
1v3r2 + y3

1v3r1 + y3
1v1r2 + y3

1v1r1
197. t3q2 = y2

1y2v4r2 +y2
1y2v3r2 +y2

1y2v2r2 +y3
1v4r2 +y3

1v3r1 +y3
1v2r1 +y3

1v1r1
198. t3q1 = y2t7r1+y2t4r2+y2t3r1+y1t8r1+y1t7r1+y1t6r1+y1t5r2+y1t5r1+

y1t2r2+y1t2r1+y1y2
2v4r2+y1y2

2v4r1+y2
1y2v2r1+y3

1v4r2+y3
1v3r2+y3

1v3r1
199. t2q6 = y2t4r2+y2t4r1+y1t6r2+y1t6r1+y1t5r1+y1t4r2+y1t4r1+y1t3r2+

y1t3r1 + y1t2r2 + y1t2r1 + y1y
2
2v4r2 + y1y

2
2v4r1 + y2

1y2v4r2 + y2
1y2v3r2 +

y2
1y2v3r1 + y2

1y2v2r1 + y3
1v4r2 + y3

1v3r2 + y3
1v2r1

200. t2q5 = y2t4r2+y2t4r1+y1t6r2+y1t6r1+y1t5r2+y1t5r1+y1t4r2+y1t3r2+
y1t3r1+y1t2r1+y1t1r1+y1y2

2v4r2+y2
1y2v2r2+y2

1y2v2r1+y3
1v4r1+y3

1v3r2+
y3
1v3r1 + y3

1v2r2 + y3
1v2r1 + y3

1v1r1
201. t2q4 = y2t4r2+y2t4r1+y1t6r2+y1t6r1+y1t5r2+y1t4r1+y1t3r2+y1t3r1+

y1t2r1 + y1t1r2 + y1y
2
2v4r2 + y2

1y2v4r2 + y2
1y2v3r2 + y2

1y2v2r2 + y3
1v4r1 +

y3
1v3r2 + y3

1v2r1 + y3
1v1r1

202. t2q3 = y2t4r2+y2t4r1+y1t6r2+y1t6r1+y1t5r1+y1t4r2+y1t3r2+y1t3r1+
y1t2r1 + y1t1r1 + y1y

2
2v4r1 + y2

1y2v4r1 + y2
1y2v3r1 + y2

1y2v2r1 + y3
1v4r2 +

y3
1v4r1 + y3

1v2r2 + y3
1v2r1 + y3

1v1r2 + y3
1v1r1

203. t2q2 = y2
1y2v3r2 + y2

1y2v2r2 + y3
1v4r2 + y3

1v2r2 + y3
1v2r1 + y3

1v1r2 + y3
1v1r1

204. t2q1 = y2t4r1 + y1t6r1 + y1t5r2 + y1t4r1 + y1t3r1 + y1y
2
2v4r2 + y2

1y2v3r2 +
y2
1y2v3r1+y2

1y2v2r2+y2
1y2v2r1+y3

1v4r2+y3
1v4r1+y3

1v3r1+y3
1v2r2+y3

1v1r2
205. t1q6 = y2t3r2+y2t3r1+y1t5r2+y1t4r2+y1t3r1+y1t2r2+y1t2r1+y1t1r2+

y1t1r1 + y1y
2
2v4r2 + y2

1y2v3r2 + y2
1y2v3r1 + y2

1y2v2r1 + y3
1v4r1 + y3

1v3r1 +
y3
1v2r1 + y3

1v1r2
206. t1q5 = y2t3r2+y2t3r1+y1t5r1+y1t4r1+y1t3r2+y1t2r2+y1t1r1+y1y2

2v4r1+
y2
1y2v3r2 + y2

1y2v2r2 + y2
1y2v2r1 + y3

1v4r2 + y3
1v4r1 + y3

1v3r1 + y3
1v2r2

207. t1q4 = y2t3r2 + y2t3r1 + y1t5r2 + y1t5r1 + y1t4r2 + y1t4r1 + y1t2r1 +
y1t1r1+y1y2

2v4r2+y1y2
2v4r1+y2

1y2v4r2+y2
1y2v4r1+y2

1y2v3r2+y2
1y2v3r1+

y2
1y2v2r2 + y3

1v3r2 + y3
1v3r1

208. t1q3 = y2t3r2+y2t3r1+y1t5r2+y1t5r1+y1t4r2+y1t4r1+y1t2r2+y1t1r1+
y1y

2
2v4r2+y1y2

2v4r1+y2
1y2v4r2+y2

1y2v4r1+y2
1y2v3r2+y2

1y2v2r1+y3
1v4r1+

y3
1v3r2

209. t1q2 = y2
1y2v2r2 + y3

1v1r1
210. t1q1 = y2t3r1+y1t5r2+y1t5r1+y1t4r2+y1t4r1+y1t3r2+y1t2r1+y1y2

2v4r2+
y1y

2
2v4r1 + y2

1y2v4r2 + y2
1y2v4r1 + y2

1y2v3r2 + y2
1y2v2r1 + y3

1v4r1 + y3
1v1r1

211. v4o2 = y1y
2
2v4r1 + y2

1y2v4r2 + y2
1y2v2r1 + y3

1v3r1 + y3
1v1r1

212. v4o1 = y1y
2
2v4r1 + y2

1y2v4r2 + y2
1y2v4r1 + y2

1y2v3r1 + y2
1y2v2r1 + y3

1v3r1 +
y3
1v1r1

213. v3o2 = y1y
2
2v4r1 + y2

1y2v3r2 + y2
1y2v3r1 + y2

1y2v2r1 + y3
1v4r1 + y3

1v2r1
214. v3o1 = y2

1y2v3r2 + y3
1v3r1 + y3

1v2r1 + y3
1v1r1

215. v2o2 = y2
1y2v4r1 + y2

1y2v2r2 + y3
1v3r1 + y3

1v2r1 + y3
1v1r1
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216. v2o1 = y1y
2
2v4r1 + y2

1y2v2r2 + y2
1y2v2r1 + y3

1v4r1 + y3
1v1r1

217. v1o2 = y1y
2
2v4r1 + y2

1y2v2r1 + y3
1v2r2 + y3

1v2r1
218. v1o1 = y2

1y2v4r1 + y2
1y2v2r1 + y3

1v3r1 + y3
1v2r2 + y3

1v2r1 + y3
1v1r1

219. t8o2 = y3
1t8r2 + y3

1t7r1 + y3
1t6r1 + y3

1t3r2 + y3
1t3r1 + y3

1t2r2 + y3
1t2r1 +

y3
1t1r2 + y3

1t1r1
220. t8o1 = y3

1t8r2 +y3
1t7r1 +y3

1t4r1 +y3
1t3r2 +y3

1t2r2 +y3
1t2r1 +y3

1t1r2 +y3
1t1r1

221. t7o2 = y3
1t8r2 + y3

1t7r1 + y3
1t6r2 + y3

1t6r1 + y3
1t4r2 + y3

1t4r1 + y3
1t3r2 +

y3
1t3r1 + y3

1t2r2
222. t7o1 = y3

1t8r2 + y3
1t6r2 + y3

1t4r2 + y3
1t3r2 + y3

1t3r1 + y3
1t2r2 + y3

1t1r1
223. t6o2 = y3

1t7r2 + y3
1t4r2 + y3

1t3r2 + y3
1t2r2 + y3

1t2r1
224. t6o1 = y3

1t8r1 + y3
1t7r2 + y3

1t7r1 + y3
1t4r2 + y3

1t4r1 + y3
1t3r2 + y3

1t3r1 +
y3
1t2r2 + y3

1t1r1
225. t5o2 = y3

1t7r2 + y3
1t7r1 + y3

1t6r2 + y3
1t6r1 + y3

1t4r2 + y3
1t3r2 + y3

1t2r2 +
y3
1t2r1 + y3

1t1r2
226. t5o1 = y3

1t7r2 +y3
1t7r1 +y3

1t6r2 +y3
1t6r1 +y3

1t4r2 +y3
1t3r2 +y3

1t2r2 +y3
1t1r2

227. t4o2 = y3
1t8r1 + y3

1t7r2 + y3
1t6r1 + y3

1t2r1 + y3
1t1r1

228. t4o1 = y3
1t7r2 + y3

1t7r1 + y3
1t6r1 + y3

1t3r1
229. t3o2 = y3

1t7r1 + y3
1t6r2 + y3

1t6r1 + y3
1t3r1 + y3

1t2r2 + y3
1t2r1 + y3

1t1r2
230. t3o1 = y3

1t8r1 + y3
1t6r2 + y3

1t6r1 + y3
1t2r2 + y3

1t2r1 + y3
1t1r2

231. t2o2 = y3
1t8r1 + y3

1t6r1 + y3
1t4r1 + y3

1t1r1
232. t2o1 = y3

1t8r1 + y3
1t6r1 + y3

1t3r1 + y3
1t2r1

233. t1o2 = y3
1t8r1 + y3

1t7r1 + y3
1t6r1 + y3

1t2r2 + y3
1t2r1 + y3

1t1r2
234. t1o1 = y3

1t7r1 + y3
1t4r1 + y3

1t2r2 + y3
1t1r2

235. q26 = y2y4r
2
2 + y2y4r

2
1 + y2y3r

2
2 + y2

2r
2
1 + y1y4r

2
2 + y1y3r

2
1 + y1y2r

2
2 + y1y2r

2
1

236. q5q6 = y2r1q4 + y2r1q3 + y1r2q5 + y1r2q3 + y1r2q1 + y1r1q6 + y1r1q4 +
y1r1q2+y1r1q1+y3y4r22 +y3y4r21 +y2y4r22 +y2y4r1r2+y2y3r22 +y2y3r1r2+
y2
2r

2
1 +y1y4r

2
1 +y1y3r

2
2 +y1y3r1r2 +y1y3r

2
1 +y1y2r

2
2 +y1y2r1r2 +y1y2r

2
1 +

y2
1r

2
2 + y2

1r
2
1 + y4

1t4r1 + y4
1t3r2 + y4

1t3r1 + y4
1t2r2 + y4

1t2r1 + y4
1t1r1

237. q25 = y2y4r
2
2 + y2y4r

2
1 + y2y3r

2
1 + y2

2r
2
2 + y2

2r
2
1 + y1y4r

2
1 + y1y3r

2
2 + y1y2r

2
2 +

y1y2r
2
1 + y2

1r
2
2 + y2

1r
2
1

238. q4q6 = y2r2q3 + y1r2q6 + y1r2q4 + y1r2q3 + y1r1q6 + y1r1q5 + y1r1q4 +
y3y4r1r2+y3y4r21 +y2y4r22 +y2y4r21 +y2y3r22 +y2y3r1r2+y2y3r21 +y2

2r1r2+
y1y3r1r2 + y1y2r

2
2 + y1y2r1r2 + y4

1t3r2 + y4
1t3r1 + y4

1t2r1 + y4
1t1r1

239. q4q5 = y2r1q3 + y1r2q5 + y1r2q4 + y1r2q3 + y1r2q1 + y1r1q4 + y1r1q2 +
y3y4r

2
2 +y3y4r1r2 +y2y4r1r2 +y2y4r

2
1 +y2y3r

2
1 +y2

2r1r2 +y2
2r

2
1 +y1y4r

2
2 +

y1y4r1r2 + y1y4r
2
1 + y1y3r

2
2 + y1y3r1r2 + y4

1t4r2 + y4
1t2r2 + y4

1t1r1
240. q24 = y2y4r

2
2 +y2y4r21 +y2y3r22 +y2y3r21 +y2

2r
2
2 +y1y4r22 +y1y4r21 +y1y2r22 +

y1y2r
2
1

241. q3q6 = y2r2q4 + y2r2q3 + y2r1q4 + y2r1q3 + y1r1q6 + y1r1q5 + y1r1q3 +
y3y4r1r2 +y3y4r

2
1 +y2y4r

2
2 +y2y4r1r2 +y2y3r

2
2 +y2

2r
2
2 +y2

2r
2
1 +y1y4r1r2 +

y1y4r
2
1 + y1y3r1r2 + y1y3r

2
1 + y1y2r1r2 + y1y2r

2
1 + y2

1r
2
2 + y2

1r1r2 + y4
1t4r1 +

y4
1t3r2 + y4

1t3r1 + y4
1t2r2 + y4

1t2r1 + y4
1t1r2 + y4

1t1r1
242. q3q5 = y2r2q3 + y2r1q4 + y1r2q6 + y1r2q4 + y1r2q3 + y1r2q2 + y1r1q5 +

y1r1q4 + y1r1q1 + y3y4r
2
2 + y3y4r1r2 + y2y3r

2
2 + y2y3r1r2 + y2y3r

2
1 + y2

2r
2
1 +
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y1y4r1r2+y1y3r1r2+y1y2r1r2+y1y2r21 +y2
1r

2
2 +y2

1r1r2+y4
1t4r2+y4

1t4r1+
y4
1t2r2 + y4

1t2r1
243. q3q4 = y2r2q3 + y2r1q4 + y1r2q6 + y1r2q4 + y1r2q3 + y1r2q2 + y1r1q6 +

y1r1q4 + y1r1q3 + y1r1q2 + y2y4r
2
2 + y2y4r

2
1 + y2y3r

2
2 + y2y3r

2
1 + y2

2r1r2 +
y1y4r

2
2 + y1y4r

2
1 + y1y3r1r2 + y1y3r

2
1 + y2

1r
2
2 + y2

1r
2
1 + y4

1t3r2 + y4
1t3r1

244. q23 = y2y4r
2
2 +y2y4r21 +y2y3r22 +y2y3r21 +y2

2r
2
1 +y1y4r22 +y1y4r21 +y1y2r22 +

y1y2r
2
1 + y2

1r
2
2 + y2

1r
2
1

245. q2q6 = y2r2q4 + y2r1q4 + y1r2q6 + y1r2q5 + y1r2q4 + y1r2q2 + y1r1q5 +
y1r1q4 + y1r1q2 + y2y4r

2
2 + y2y4r

2
1 + y2

2r
2
2 + y2

2r1r2 + y1y4r
2
2 + y1y4r1r2 +

y1y3r
2
2 + y2

1r1r2 + y2
1r

2
1 + y4

1t4r1 + y4
1t3r1 + y4

1t1r2
246. q2q5 = y2r2q4+y2r1q4+y1r2q5+y1r2q4+y2y4r22+y2y4r21+y2

2r
2
2+y2

2r1r2+
y1y3r

2
2+y1y2r1r2+y1y2r21+y2

1r
2
2+y2

1r1r2+y4
1t4r2+y4

1t4r1+y4
1t3r2+y4

1t3r1
247. q2q4 = y2r2q4 + y2r1q4 + y1r2q2 + y1r1q6 + y1r1q5 + y1r1q4 + y1r1q2 +

y2y4r
2
2 +y2y4r

2
1 +y2

2r
2
2 +y2

2r1r2 +y1y4r1r2 +y1y4r
2
1 +y1y3r1r2 +y1y3r

2
1 +

y1y2r
2
2 + y1y2r1r2 + y4

1t4r2 + y4
1t3r2 + y4

1t1r1
248. q2q3 = y2r2q4 + y2r1q4 + y1r2q6 + y1r2q5 + y1r2q4 + y2y4r

2
2 + y2y4r

2
1 +

y2
2r

2
2 +y2

2r1r2+y1y4r22 +y1y4r1r2+y1y3r22 +y1y3r1r2+y1y2r1r2+y1y2r21 +
y4
1t4r1 + y4

1t3r1 + y4
1t1r2

249. q22 = 0
250. q1q6 = y2r2q3 + y2r1q4 + y1r2q6 + y1r2q2 + y1r2q1 + y1r1q6 + y1r1q5 +

y1r1q4+y1r1q1+y3y4r22 +y3y4r1r2+y3y4r21 +y2y4r22 +y2y4r1r2+y2y3r21 +
y2
2r1r2 + y1y4r

2
2 + y1y3r1r2 + y1y3r

2
1 + y1y2r1r2 + y1y2r

2
1 + y2

1r
2
2 + y2

1r
2
1 +

y4
1t4r2 + y4

1t3r2 + y4
1t2r2

251. q1q5 = y2r1q4 + y1r2q4 + y1r1q6 + y1r1q1 + y3y4r
2
2 + y2y4r

2
1 + y2y3r

2
2 +

y2y3r
2
1 +y2

2r
2
2 +y2

2r1r2 +y1y4r1r2 +y1y4r
2
1 +y1y3r

2
2 +y1y3r1r2 +y1y3r

2
1 +

y1y2r
2
2 +y2

1r
2
2 +y2

1r1r2 +y4
1t4r2 +y4

1t3r2 +y4
1t3r1 +y4

1t2r2 +y4
1t2r1 +y4

1t1r2
252. q1q4 = y2r2q4 + y2r1q3 + y1r2q6 + y1r2q5 + y1r2q4 + y1r2q3 + y1r2q2 +

y1r2q1 + y1r1q6 + y1r1q4 + y1r1q1 + y3y4r
2
2 + y3y4r1r2 + y2y4r

2
2 + y2y3r

2
2 +

y2y3r1r2 +y2y3r
2
1 +y2

2r
2
2 +y2

2r
2
1 +y1y4r1r2 +y1y4r

2
1 +y1y3r

2
2 +y1y3r1r2 +

y1y3r
2
1+y1y2r1r2+y1y2r21+y2

1r1r2+y2
1r

2
1+y4

1t4r1+y4
1t3r2+y4

1t3r1+y4
1t1r2

253. q1q3 = y2r2q4+y2r2q3+y2r1q3+y1r2q4+y1r2q3+y1r2q1+y1r1q5+y1r1q1+
y3y4r

2
2 + y3y4r1r2 + y2y4r

2
1 + y2y3r

2
1 + y2

2r
2
2 + y2

2r1r2 + y2
2r

2
1 + y1y4r1r2 +

y1y4r
2
1 +y1y3r22 +y1y2r1r2+y2

1r
2
2 +y2

1r
2
1 +y4

1t3r2+y4
1t2r1+y4

1t1r2+y4
1t1r1

254. q1q2 = y2r1q4 + y1r2q6 + y1r1q6 + y1r1q5 + y1r1q4 + y2y4r1r2 + y2y4r
2
1 +

y2
2r1r2 + y1y4r

2
2 + y1y4r

2
1 + y1y3r

2
1 + y2

1r
2
2 + y2

1r1r2 + y4
1t4r2 + y4

1t3r2 +
y4
1t1r2 + y4

1t1r1
255. q21 = y2y4r

2
1 +y2y3r22 +y2y3r21 +y2

2r
2
2 +y1y4r22 +y1y4r21 +y1y3r22 +y1y2r21 +

y2
1r

2
1

256. q6o2 = y2
1y2r2q4 +y2

1y2r1q4 +y3
1r2q5 +y3

1r2q2 +y3
1r2q1 +y3

1r1q5 +y3
1r1q4 +

y2
1y3y4r

2
1 + y2

1y2y3r1r2 + y2
1y

2
2r

2
2 + y2

1y
2
2r

2
1 + y3

1y4r
2
2 + y3

1y4r
2
1 + y3

1y3r
2
1 +

y3
1y2r

2
1 + y4

1r1r2 + y4
1r

2
1

257. q6o1 = y2
1y2r2q4 + y2

1y2r2q3 + y3
1r2q3 + y3

1r1q3 + y2
1y3y4r

2
1 + y2

1y2y4r
2
2 +

y2
1y2y4r1r2 +y2

1y2y3r1r2 +y2
1y

2
2r

2
2 +y2

1y
2
2r

2
1 +y3

1y4r
2
2 +y3

1y4r1r2 +y3
1y4r

2
1 +

y4
1r1r2
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258. q5o2 = y2
1y2r1q4 +y3

1r2q4 +y3
1r2q3 +y3

1r2q2 +y3
1r1q6 +y3

1r1q1 +y2
1y3y4r

2
1 +

y2
1y2y4r

2
2 + y2

1y2y3r
2
2 + y2

1y2y3r1r2 + y2
1y2y3r

2
1 + y2

1y
2
2r1r2 + y3

1y4r1r2 +
y3
1y4r

2
1 + y3

1y3r1r2 + y3
1y2r

2
2 + y3

1y2r1r2 + y4
1r

2
2

259. q5o1 = y2
1y2r2q4 + y2

1y2r2q3 + y2
1y2r1q4 + y2

1y2r1q3 + y3
1r2q4 + y3

1r2q3 +
y3
1r1q4 +y3

1r1q3 +y3
1r1q1 +y2

1y3y4r1r2 +y2
1y3y4r

2
1 +y2

1y2y4r
2
2 +y2

1y2y3r
2
2 +

y2
1y

2
2r

2
2 + y2

1y
2
2r

2
1 + y3

1y4r
2
1 + y3

1y2r1r2 + y4
1r

2
2 + y4

1r1r2 + y4
1r

2
1

260. q4o2 = y2
1y2r2q4 + y3

1r2q5 + y3
1r2q3 + y3

1r2q2 + y3
1r1q5 + y3

1r1q4 + y3
1r1q3 +

y3
1r1q2+y3

1r1q1+y2
1y2y4r

2
1+y2

1y
2
2r

2
1+y3

1y4r1r2+y3
1y3r

2
2+y3

1y3r
2
1+y3

1y2r
2
1+

y4
1r

2
1

261. q4o1 = y2
1y2r1q4+y3

1r2q4+y3
1r2q2+y3

1r2q1+y3
1r1q6+y3

1r1q5+y2
1y3y4r1r2+

y2
1y2y4r

2
2 +y2

1y2y4r1r2 +y2
1y2y4r

2
1 +y2

1y
2
2r

2
2 +y2

1y
2
2r1r2 +y2

1y
2
2r

2
1 +y3

1y4r
2
2 +

y3
1y4r

2
1 + y3

1y3r
2
2 + y3

1y3r
2
1 + y3

1y2r
2
1 + y4

1r
2
2 + y4

1r1r2
262. q3o2 = y2

1y2r2q4+y2
1y2r1q4+y2

1y2r1q3+y3
1r2q6+y3

1r2q4+y3
1r2q2+y3

1r2q1+
y3
1r1q6 + y3

1r1q5 + y3
1r1q3 + y3

1r1q2 + y3
1r1q1 + y2

1y3y4r1r2 + y2
1y3y4r

2
1 +

y2
1y2y4r

2
1+y2

1y2y3r1r2+y2
1y2y3r

2
1+y2

1y
2
2r

2
2+y2

1y
2
2r1r2+y2

1y
2
2r

2
1+y3

1y4r1r2+
y3
1y4r

2
1 + y3

1y3r
2
2 + y3

1y3r1r2 + y3
1y2r1r2 + y4

1r1r2
263. q3o1 = y2

1y2r2q4+y2
1y2r1q4+y3

1r2q6+y3
1r1q6+y3

1r1q3+y3
1r1q1+y2

1y3y4r
2
1+

y2
1y2y4r

2
1 + y2

1y
2
2r

2
2 + y2

1y
2
2r1r2 + y3

1y4r
2
2 + y3

1y4r
2
1 + y3

1y3r1r2 + y3
1y3r

2
1 +

y3
1y2r

2
2 + y3

1y2r1r2 + y4
1r

2
2 + y4

1r
2
1

264. q2o2 = y2
1y2r1q4 +y2

1y2r1q3 +y3
1r2q6 +y3

1r2q5 +y3
1r2q4 +y3

1r1q6 +y3
1r1q4 +

y2
1y

2
2r1r2 + y2

1y
2
2r

2
1 + y3

1y4r
2
2 + y3

1y4r1r2 + y3
1y3r

2
2 + y3

1y3r1r2 + y3
1y3r

2
1 +

y3
1y2r

2
2 + y3

1y2r1r2 + y3
1y2r

2
1

265. q2o1 = y3
1r2q6 + y3

1r2q5 + y3
1r2q4 + y3

1r1q6 + y3
1r1q4 + y3

1r1q3 + y3
1r1q1 +

y3
1y4r

2
2 + y3

1y3r
2
2 + y3

1y3r
2
1 + y3

1y2r
2
2 + y3

1y2r
2
1

266. q1o2 = y2
1y2r2q4+y2

1y2r2q3+y2
1y2r1q3+y3

1r2q5+y3
1r2q4+y3

1r2q3+y3
1r2q2+

y3
1r2q1 +y3

1r1q5 +y3
1r1q1 +y2

1y3y4r1r2 +y2
1y3y4r

2
1 +y2

1y2y4r
2
1 +y2

1y2y3r
2
2 +

y2
1y2y3r

2
1 +y2

1y
2
2r

2
2 +y2

1y
2
2r1r2 +y3

1y4r
2
2 +y3

1y4r
2
1 +y3

1y2r1r2 +y4
1r

2
2 +y4

1r1r2
267. q1o1 = y2

1y2r1q4 +y2
1y2r1q3 +y3

1r2q5 +y3
1r2q3 +y3

1r2q2 +y3
1r1q5 +y3

1r1q3 +
y3
1r1q1 + y2

1y3y4r1r2 + y2
1y2y4r1r2 + y2

1y2y4r
2
1 + y2

1y2y3r
2
2 + y2

1y
2
2r1r2 +

y3
1y4r1r2 + y3

1y3r
2
2 + y3

1y3r
2
1 + y3

1y2r1r2 + y4
1r1r2

268. o22 = 0
269. o1o2 = y5

1r1q4
270. o21 = 0

A minimal Gröbner basis for the relations ideal consists of the above minimal
relations, together with the following superfluous relations:

271. y1y2y3y4 = y2
1y3y4 + y2

1y2y3 + y2
1y

2
2 + y4

1
272. y1y2

2y4 = y2
1y3y4 + y2

1y2y4 + y2
1y2y3 + y2

1y
2
2 + y3

1y4 + y3
1y3

273. y2
2v3 = y1y2v4 + y2

1v2 + y2
1v1

274. y2
2v2 = y1y2v3 + y2

1v4 + y2
1v2 + y2

1v1
275. y4

1y3y4 = 0
276. y4

1y2y4 = 0
277. y5

1y4 = 0
278. y5

1y3 = 0
279. y5

1y2 = 0
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280. y6
1 = 0

281. y2
2t8 = y2

1t8 + y2
1t5 + y2

1y
2
2v4 + y3

1y2v4 + y4
1v4

282. y2
2t7 = y2

1t8 + y2
1t3 + y2

1t2 + y3
1y2v3 + y4

1v4 + y4
1v2 + y4

1v1
283. y2

2t4 = y2
1t8 + y2

1t5 + y2
1t4 + y2

1t1 + y4
1v3 + y4

1v2 + y4
1v1

284. y2
2t3 = y2

1t7 + y2
1t6 + y2

1t5 + y2
1t4 + y2

1t2 + y2
1y

2
2v4 + y3

1y2v2 + y4
1v2

285. y1y2t8 = y2
1t8 + y2

1t5 + y2
1t4 + y2

1t3 + y4
1v3

286. y1y2t7 = y2
1t8 +y2

1t6 +y2
1t5 +y2

1t3 +y2
1t1 +y3

1y2v4 +y3
1y2v3 +y3

1y2v2 +y4
1v4

287. y1y2t4 = y2
1t7 + y2

1t5 + y2
1t4 + y2

1t2 + y2
1t1 + y2

1y
2
2v4 + y4

1v3 + y4
1v2 + y4

1v1
288. y1y2t3 = y2

1t6 + y2
1t5 + y2

1t4 + y2
1y

2
2v4 + y3

1y2v3 + y3
1y2v2 + y4

1v4 + y4
1v2

289. y4
1y2v4 = 0

290. y4
1y2v3 = 0

291. y4
1y2v2 = 0

292. y5
1v4 = 0

293. y5
1v3 = 0

294. y5
1v2 = 0

295. y5
1v1 = 0

296. y4
1t8 = y4

1t2 + y4
1t1

297. y4
1t7 = y4

1t2 + y4
1t1

298. y4
1t6 = y4

1t4 + y4
1t3

299. y2
2q4 = y2

1q4 + y2
1q3 + y2

2y4r2 + y2
2y4r1 + y1y2y3r2 + y1y

2
2r1 + y2

1y4r2 +
y2
1y2r1 + y3

1r1
300. y2

2q3 = y2
1q4 + y2

2y4r2 + y2
2y4r1 + y1y2y3r1 + y1y

2
2r1 + y2

1y4r2 + y2
1y2r2 +

y2
1y2r1 + y3

1r2
301. y5

1t4 = 0
302. y5

1t3 = 0
303. y5

1t2 = 0
304. y5

1t1 = 0
305. y3

1y2q4 = y4
1q4 + y4

1q2 + y4
1q1 + y3

1y2y4r2 + y3
1y2y4r1 + y4

1y4r2 + y4
1y3r2 +

y4
1y2r2 + y4

1y2r1 + y5
1r2 + y5

1r1
306. y3

1y2q3 = y4
1q4 + y4

1q2 + y4
1q1 + y3

1y2y4r2 + y3
1y2y4r1 + y4

1y4r2 + y4
1y3r2 +

y4
1y2r2 + y4

1y2r1 + y5
1r2 + y5

1r1
307. y4

1q6 = y4
1q4 + y4

1q2 + y4
1q1 + y4

1y4r1 + y4
1y3r2 + y4

1y3r1 + y4
1y2r2

308. y4
1q5 = y4

1q1 + y4
1y4r2 + y4

1y2r1
309. y5

1q3 = 0
310. y5

1q2 = 0
311. y5

1q1 = 0

Essential ideal There are 21 minimal generators:

1. y2
1y3y4

2. y2
1y2y4

3. y2
1y2y3

4. y2
1y

2
2

5. y3
1y4

6. y3
1y3
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7. y3
1y2

8. y4
1

9. y1y2v4 + y2
1v4 + y2

1v1
10. y1y2v3 + y2

1v4
11. y1y2v2 + y2

1v2
12. y2

1t8
13. y2

1t7
14. y2

1t6
15. y2

1t5
16. y2

1t4
17. y2

1t3
18. y2

1t2
19. y2

1t1
20. y1q6 + y1q4 + y1q2 + y1y3r1 + y1y2r2
21. y1q5 + y1q1 + y1y4r2 + y1y2r1

Nilradical There are 24 minimal generators:
y4, y3, y2, y1, v4, v3, v2, v1, t8, t7, t6, t5, t4, t3, t2, t1, q6, q5, q4, q3, q2, q1,
o2, o1.

Completion information

For this computation the minimal resolution was constructed out to de-
gree 22. In this degree the presentation of the cohomology ring reaches its
final form, and Carlson’s criterion detects that the presentation is complete.

This cohomology ring has dimension 2 and depth 2. A homogeneous sys-
tem of parameters is

h1 = r1 in degree 8
h2 = r2 in degree 8

The first two terms h1, h2 constitute a regular sequence of maximal length.
The first two terms h1, h2 constitute a complete Duflot-regular sequence.
That is to say, their restrictions to the greatest central elementary abelian
subgroup constitute a regular sequence of maximal length.

Essential ideal The essential ideal is free of rank 75 as a module over the
polynomial algebra in h1, h2. The free generators are:
In degree 4:

1. G01 = y2
1y3y4

2. G02 = y2
1y2y4

3. G03 = y2
1y2y3

4. G04 = y2
1y

2
2

5. G05 = y3
1y4

6. G06 = y3
1y3
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7. G07 = y3
1y2

8. G08 = y4
1

In degree 5:

1. G09 = y3
1y3y4

2. G10 = y3
1y2y4

3. G11 = y4
1y4

4. G12 = y4
1y3

5. G13 = y4
1y2

6. G14 = y5
1

In degree 6:

1. G15 = y1y2v4 + y2
1v4 + y2

1v1
2. G16 = y1y2v3 + y2

1v4
3. G17 = y1y2v2 + y2

1v2

In degree 7:

1. G18 = y1y
2
2v4 + y2

1y2v4 + y2
1y2v1

2. G19 = y2
1y2v4 + y3

1v4 + y3
1v1

3. G20 = y2
1y2v3 + y3

1v4
4. G21 = y2

1y2v2 + y3
1v2

5. G22 = y3
1v4

6. G23 = y3
1v3

7. G24 = y3
1v2

8. G25 = y3
1v1

In degree 8:

1. G26 = y2
1t8

2. G27 = y2
1t7

3. G28 = y2
1t6

4. G29 = y2
1t5

5. G30 = y2
1t4

6. G31 = y2
1t3

7. G32 = y2
1t2

8. G33 = y2
1t1

9. G34 = y2
1y

2
2v4

10. G35 = y3
1y2v4

11. G36 = y3
1y2v3

12. G37 = y3
1y2v2

13. G38 = y4
1v4

14. G39 = y4
1v3

15. G40 = y4
1v2

16. G41 = y4
1v1

In degree 9:
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1. G42 = y3
1t8

2. G43 = y3
1t7

3. G44 = y3
1t6

4. G45 = y3
1t4

5. G46 = y3
1t3

6. G47 = y3
1t2

7. G48 = y3
1t1

In degree 10:

1. G49 = y1q6 + y1q4 + y1q2 + y1y3r1 + y1y2r2
2. G50 = y1q5 + y1q1 + y1y4r2 + y1y2r1
3. G51 = y4

1t4
4. G52 = y4

1t3
5. G53 = y4

1t2
6. G54 = y4

1t1

In degree 11:

1. G55 = y1y2q4 + y1y2y4r2 + y1y2y4r1 + y1y
2
2r2 + y2

1y2r2 + y2
1y2r1

2. G56 = y1y2q3 + y1y2y4r2 + y1y2y4r1 + y1y
2
2r1

3. G57 = y2
1q6 + y2

1q4 + y2
1q2 + y2

1y3r1 + y2
1y2r2

4. G58 = y2
1q5 + y2

1q1 + y2
1y4r2 + y2

1y2r1
5. G59 = y2

1q4 + y2
1y4r2 + y2

1y4r1 + y2
1y2r2 + y3

1r2 + y3
1r1

6. G60 = y2
1q3 + y2

1y4r2 + y2
1y4r1 + y2

1y2r1
7. G61 = y2

1q2
8. G62 = y2

1q1 + y2
1y4r1 + y2

1y3r2

In degree 12:

1. G63 = y2
1y2q4 + y2

1y2y4r2 + y2
1y2y4r1 + y2

1y
2
2r2 + y3

1y2r2 + y3
1y2r1

2. G64 = y2
1y2q3 + y2

1y2y4r2 + y2
1y2y4r1 + y2

1y
2
2r1

3. G65 = y3
1q6 + y3

1q4 + y3
1q2 + y3

1y3r1 + y3
1y2r2

4. G66 = y3
1q5 + y3

1q1 + y3
1y4r2 + y3

1y2r1
5. G67 = y3

1q4 + y3
1y4r2 + y3

1y4r1 + y3
1y2r2 + y4

1r2 + y4
1r1

6. G68 = y3
1q3 + y3

1y4r2 + y3
1y4r1 + y3

1y2r1
7. G69 = y3

1q2
8. G70 = y3

1q1 + y3
1y4r1 + y3

1y3r2

In degree 13:

1. G71 = y4
1q4

2. G72 = y4
1q3

3. G73 = y4
1q2

4. G74 = y4
1q1

In degree 14:

1. G75 = y5
1q4



A.7 The Sylow 3-subgroup of A9 123

Every essential class squares to zero, but the essential ideal does not square
to zero. Here are the relations which are not of the form Gi.Gj = 0:

1. G17G26 = G75
2. G16G30 = G75
3. G16G29 = G75
4. G16G28 = G75
5. G16G27 = G75
6. G15G31 = G75
7. G05G49 = G75
8. G03G49 = G75
9. G01G50 = G75

Poincaré series The Poincaré series is of the form f(t)/(1 − t8)2, with

f(t) = 1 + 4t+ 8t2 + 10t3 + 12t4 + 13t5 + 16t6 + 20t7

+ 16t8 + 13t9 + 12t10 + 10t11 + 8t12 + 4t13 + t14 .

A.7 The Sylow 3-subgroup of A9

G is the Sylow 3-subgroup of the alternating group A9. It is Small Group
number 7 of order 81.
G has rank 2, 3-rank 3 and exponent 9. Its centre has 3-rank 1.
The 4 maximal subgroups are: 31+2

+ , 31+2
− (twice) and 34.

There are 2 conjugacy classes of maximal elementary abelian subgroups. They
are of 3-rank 2, 3 respectively.
This cohomology ring was successfully calculated.

Ring structure

The cohomology ring has 16 generators:

1. y1 in degree 1, a nilpotent element
2. y2 in degree 1, a nilpotent element
3. x1 in degree 2, a nilpotent element
4. x2 in degree 2
5. x3 in degree 2
6. w1 in degree 3, a nilpotent element
7. w2 in degree 3, a nilpotent element
8. w3 in degree 3, a nilpotent element
9. v1 in degree 4, a nilpotent element

10. v2 in degree 4
11. u1 in degree 5, a nilpotent element
12. u2 in degree 5, a nilpotent element
13. t1 in degree 6, a nilpotent element
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14. t2 in degree 6
15. t3 in degree 6, a regular element
16. s in degree 7, a nilpotent element

There are 88 minimal relations:

1. y2
2 = 0

2. y1y2 = 0
3. y2

1 = 0
4. y2x3 = 0
5. y1x2 = 0
6. y2x1 = 0
7. y1x1 = 0
8. x2x3 = 0
9. x1x3 = 0

10. x1x2 = −y2w1
11. x2

1 = 0
12. y2w2 = 0
13. y1w3 = 0
14. y1w1 = 0
15. x3w3 = 0
16. x3w1 = 0
17. x2w2 = −y2v1
18. y1v2 = 0
19. x1w3 = y2v1
20. x1w2 = 0
21. x1w1 = 0
22. y1v1 = 0
23. x3v2 = 0
24. x3v1 = 0
25. x2v1 = −w1w3 − y2u1
26. x1v2 = −y2u1
27. w2

3 = 0
28. w2w3 = 0
29. w2

2 = 0
30. w1w2 = 0
31. w2

1 = 0
32. x1v1 = 0
33. y1u2 = 0
34. y1u1 = 0
35. w2v2 = −y2t1
36. w1v2 = x2u1 − y2t2
37. x3u2 = 0
38. x3u1 = 0
39. y1t2 = 0
40. w3v1 = y2t1
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41. w2v1 = 0
42. w1v1 = 0
43. x1u2 = y2t1
44. x1u1 = 0
45. y1t1 = 0
46. x3t2 = 0
47. v1v2 = −w1u2
48. x3t1 = 0
49. x2t1 = −w1u2 − y2s
50. x1t2 = y2w3v2 − y2x2u2 − y2x2u1
51. v2

1 = 0
52. w3u1 = −w1u2 − y2s− y2w3v2 + y2x2u2 + y2x2u1
53. w2u2 = 0
54. w2u1 = 0
55. w1u1 = y2w3v2 − y2x2u2 − y2x2u1
56. x1t1 = 0
57. y1s = 0
58. v2u1 = w3t2 − x2s− x2w3v2 + x2

2u2 + x2
2u1 + y2v

2
2 − y2x2t2

59. w2t2 = −y2w3u2 + y2w1u2
60. w1t2 = −x2w3v2 + x2

2u2 + x2
2u1 + y2v

2
2 − y2x2t2

61. x3s = 0
62. v1u2 = 0
63. v1u1 = y2w3u2 − y2w1u2
64. w3t1 = y2w3u2 − y2w1u2
65. w2t1 = 0
66. w1t1 = −y2w3u2 + y2w1u2
67. x1s = y2w3u2 − y2w1u2
68. v2t1 = −w3s+ x2w3u2 − x2w1u2 − y2v2u2
69. v1t2 = x2w3u2 − x2w1u2 − y2v2u2
70. u2

2 = 0
71. u1u2 = w3s− x2w3u2 + x2w1u2 + y2v2u2 − y2w1t3
72. u2

1 = 0
73. v1t1 = 0
74. w2s = 0
75. w1s = −x2w3u2 + x2w1u2 + y2v2u2
76. u2t2 = v2s− x2w1t3
77. u1t2 = −w3v

2
2 +x2v2u2 +x2w3t2 −x2

2s−x2
2w3v2 +x3

2u2 +x3
2u1 +y2v2t2 +

y2x2v
2
2 − y2x

2
2t2 − y2x

2
2t3

78. u2t1 = y2v1t3
79. u1t1 = 0
80. v1s = 0
81. t22 = −v3

2 − x2v2t2 − x3
2t3

82. t1t2 = w3v2u2−x2w3s+x2
2w3u2−x2

2w1u2−y2v2s−y2x2v2u2+y2x2w3t3+
y2x2w1t3
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83. t21 = 0
84. u2s = −w1w3t3 − y2u1t3
85. u1s = −w3v2u2+x2w3s−x2

2w3u2+x2
2w1u2+y2v2s+y2x2v2u2−y2x2w3t3−

y2x2w1t3
86. t2s = −v2

2u2 − x2v2s− x2
2w3t3 − x2

2w1t3 + y2x2v2t3
87. t1s = 0
88. s2 = 0

A minimal Gröbner basis for the relations ideal consists of the above minimal
relations, together with the following superfluous relation:

89. w1w3u2 = −y2w3s+ y2x2w3u2 − y2x2w1u2

Essential ideal Zero ideal.

Nilradical There are 11 minimal generators:
y2, y1, x1, w3, w2, w1, v1, u2, u1, t1, s.

Completion information

For this cohomology computation the minimal resolution was constructed out
to degree 14. The presentation of the cohomology ring reaches its final form
in degree 14. Carlson’s criterion detects in degree 14 that the presentation is
complete.

This cohomology ring has dimension 3 and depth 2. A homogeneous sys-
tem of parameters is

h1 = t3 in degree 6
h2 = x3 + x2 in degree 2
h3 = v2 in degree 4

The first two terms h1, h2 constitute a regular sequence of maximal length.
The last term h3 is annihilated by the class y1.

The first term h1 constitutes a complete Duflot-regular sequence. That
is to say, its restriction to the greatest central elementary abelian subgroup
constitutes a regular sequence of maximal length.

Essential ideal The essential ideal is the zero ideal.

Poincaré series
1 + 2t+ 2t2 + 3t3 + 3t4 + 2t5 + 2t6 + t7

(1 − t2)(1 − t4)(1 − t6)

A.8 Small Group No. 16 of order 243

G is Small Group number 16 of order 243.
G has rank 2, 3-rank 3 and exponent 27. Its centre has 3-rank 1.
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One of the four maximal subgroups is the abelian group C9 × C3 × C3. The
other three are isomorphic to Small Group number 6 of order 81.
There is one conjugacy class of maximal elementary abelian subgroups. Each
such subgroup has 3-rank 3.
This cohomology ring was successfully calculated.

Ring structure

The cohomology ring has 17 generators:

1. y1 in degree 1, a nilpotent element
2. y2 in degree 1, a nilpotent element
3. x1 in degree 2, a nilpotent element
4. x2 in degree 2, a nilpotent element
5. x3 in degree 2
6. w1 in degree 3, a nilpotent element
7. w2 in degree 3, a nilpotent element
8. v1 in degree 4, a nilpotent element
9. v2 in degree 4

10. u1 in degree 5, a nilpotent element
11. u2 in degree 5, a nilpotent element
12. t1 in degree 6, a nilpotent element
13. t2 in degree 6
14. t3 in degree 6, a regular element
15. s1 in degree 7, a nilpotent element
16. s2 in degree 7, a nilpotent element
17. r in degree 8, a nilpotent element

There are 103 minimal relations:

1. y2
2 = 0

2. y1y2 = 0
3. y2

1 = 0
4. y1x3 = 0
5. y2x2 = −y1x2
6. y2x1 = y1x2
7. y1x1 = 0
8. x2x3 = y2w1
9. x1x3 = 0

10. x2
2 = 0

11. x1x2 = 0
12. x2

1 = 0
13. y1w2 = 0
14. y1w1 = 0
15. y1v2 = 0
16. x2w2 = y2v1
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17. x2w1 = 0
18. x1w2 = 0
19. x1w1 = 0
20. y1v1 = 0
21. x3v1 = w1w2 + y2x3w2
22. x2v2 = y2u1 − y2x3w2
23. x1v2 = 0
24. w2

2 = 0
25. w2

1 = 0
26. x2v1 = 0
27. x1v1 = 0
28. y1u2 = 0
29. y1u1 = 0
30. w2v2 = x3u2 − x3u1 + x2

3w2 − x2
3w1 + y2t2 − y2t1

31. w1v2 = x3u1 − x2
3w2 − y2t2 + y2t1 − y2w1w2

32. y1t2 = 0
33. w2v1 = 0
34. w1v1 = −y2w1w2
35. x2u2 = y2t1
36. x2u1 = y2w1w2
37. x1u2 = 0
38. x1u1 = 0
39. y1t1 = 0
40. v1v2 = w1u2 + y2x3u2 − y2x3u1 + y2x

2
3w2 − y2x

2
3w1

41. x3t1 = w1u2 + y2s2 + y2s1
42. x2t2 = y2s1
43. x1t2 = 0
44. v2

1 = 0
45. w2u2 = −w1u2 − x3w1w2
46. w2u1 = −w1u2 − y2s2
47. w1u1 = x3w1w2 − y2s1
48. x2t1 = 0
49. x1t1 = 0
50. y1s2 = 0
51. y1s1 = 0
52. w2t2 = x3s2 − y2v

2
2 + y2x3t2 − y2x

2
3v2 + y2r + y2x3w1w2

53. w1t2 = x3s1 + y2v
2
2 − y2x3t2 + y2x

2
3v2 − y2r − y2w1u2 − y2x3w1w2

54. v1u2 = −y2w1u2 − y2x3w1w2
55. v1u1 = y2r − y2w1u2
56. w2t1 = y2r
57. w1t1 = −y2r
58. x2s2 = y2r
59. x2s1 = 0
60. x1s2 = 0
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61. x1s1 = 0
62. y1r = 0
63. v2t1 = u1u2 + x3w1u2 + x2

3w1w2 − y2x3s1
64. v1t2 = w1s2+y2v2u1+y2x3s2−y2x3s1−y2x2

3u2−y2x2
3u1+y2x3

3w2+y2x3
3w1

65. x3r = w1s2 − y2v2u2 + y2v2u1 − y2x3s2 − y2x3s1 − y2x
3
3w2 + y2x

3
3w1

66. u2
2 = 0

67. u2
1 = 0

68. v1t1 = 0
69. w2s2 = −y2v2u2 + y2v2u1 + y2x3s2 + y2x

2
3u2 − y2x

3
3w1

70. w2s1 = −w1s2 + y2v2u2 + y2v2u1 − y2x3s2 + y2x3s1 + y2x
2
3u1 − y2x

3
3w2

71. w1s1 = y2v2u1 − y2x3s1 − y2x
2
3u2 − y2x

2
3u1 + y2x

3
3w2 + y2x

3
3w1

72. x2r = 0
73. x1r = 0
74. u2t2 = v2s2+v2s1+x2

3s1+y2x3v
2
2−y2x2

3t2+y2x3
3v2−y2u1u2+y2x3w1u2+

y2x
2
3w1w2

75. u1t2 = v2s1+x2
3s2−y2v2t2+y2x3v

2
2 −y2x2

3t2+y2x3
3v2−y2x2

3t3−y2u1u2−
y2w1s2 − y2x

2
3w1w2

76. u2t1 = −y2w1s2
77. u1t1 = y2w1s2
78. v1s2 = y2u1u2 − y2w1s2 − y2x3w1u2 + y2x

2
3w1w2

79. v1s1 = −y2u1u2 + y2x3w1u2 − y2x
2
3w1w2

80. w2r = −y2u1u2
81. w1r = y2u1u2 + y2w1s2 − y2x

2
3w1w2

82. t22 = −v3
2 +x2

3v
2
2 +x3

3t2 −x4
3v2 −x3

3t3 −u1s2 −x2
3w1u2 −x3

3w1w2 −y2v2s2 −
y2x3v2u2 − y2x3v2u1 + y2x

3
3u2 + y2x

3
3u1 − y2x

4
3w2 − y2x

4
3w1 + y2x3w1t3

83. t1t2 = u1s2 −y2v2s1 +y2x3v2u2 +y2x3v2u1 −y2x
2
3s2 +y2x

2
3s1 +y2x

3
3u1 −

y2x
4
3w2 − y2x3w1t3

84. v2r = u1s2 − y2v2s2 − y2v2s1 + y2x3v2u2 + y2x3v2u1 + y2x
2
3s2 + y2x3w2t3

85. t21 = 0
86. u2s2 = u1s2 +x3w1s2 +y2v2s2 −y2x3v2u2 +y2x3v2u1 +y2x2

3s2 +y2x3
3u2 −

y2x
4
3w1 + y2x3w2t3

87. u2s1 = −u1s2 −y2v2s2 +y2x3v2u2 −y2x
2
3s2 −y2x

2
3s1 +y2x

3
3u2 −y2x

3
3u1 +

y2x
4
3w2 − y2x

4
3w1 − y2x3w2t3

88. u1s1 = −x3w1s2−y2v2s1+y2x3v2u2−y2x2
3s2−y2x2

3s1+y2x3
3u2−y2x3

3u1+
y2x

4
3w2 − y2x

4
3w1 − y2x3w1t3

89. v1r = 0
90. t2s2 = −v2

2u2+v2
2u1+x2

3v2u1+x3
3s2+x4

3u2−x4
3u1+x5

3w2−x5
3w1+y2v3

2 +
y2x

2
3v

2
2 + y2x

3
3t2 − x2

3w2t3 + y2x
3
3t3 − y2x3u1u2 − y2x3w1s2 + y2x

3
3w1w2 −

y2w1w2t3
91. t2s1 = −v2

2u1 +x2
3v2u2 +x3

3s1 +x4
3u1 −x5

3w2 −y2v
3
2 −y2x3v2t2 −y2x

2
3v

2
2 −

y2x
3
3t2 − x2

3w1t3 − y2x
3
3t3 + y2u1s2 + y2x

2
3w1u2 + y2w1w2t3

92. t1s2 = −y2u1s2−y2x3u1u2+y2x3w1s2+y2x2
3w1u2−y2x3

3w1w2−y2w1w2t3
93. t1s1 = y2u1s2 +y2x3u1u2 −y2x3w1s2 −y2x

2
3w1u2 +y2x

3
3w1w2 +y2w1w2t3

94. u2r = y2u1s2 + y2x3u1u2 + y2x3w1s2 − y2x
2
3w1u2 − y2x

3
3w1w2
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95. u1r = y2u1s2 − y2x3u1u2 + y2x3w1s2 − y2w1w2t3
96. t2r = −v2u1u2 + x2

3w1s2 + x3
3w1u2 + y2v

2
2u2 − y2v

2
2u1 + y2x3v2s2 −

y2x3v2s1 + y2x
3
3s2 + y2x

4
3u2 − y2x

5
3w1 − x3w1w2t3 + y2x

2
3w2t3

97. s22 = 0
98. s1s2 = −v2u1u2 + x2

3w1s2 + x3
3w1u2 − y2v

2
2u2 − y2x3v2s2 + y2x

2
3v2u2 −

y2x
2
3v2u1 + y2x

3
3s2 − y2x

4
3u1 + y2x

5
3w2 −x3w1w2t3 − y2x

2
3w2t3 − y2x

2
3w1t3

99. s21 = 0
100. t1r = 0
101. s2r = y2v2u1u2 − y2x3u1s2 − y2x

3
3w1u2 + y2x3w1w2t3

102. s1r = y2v2u1u2 + y2x3u1s2 − y2x
3
3w1u2 + y2x3w1w2t3

103. r2 = 0

These minimal relations constitute a Gröbner basis for the ideal of relations.

Essential ideal There is one minimal generator: y1x2.

Nilradical There are 13 minimal generators:
y2, y1, x2, x1, w2, w1, v1, u2, u1, t1, s2, s1, r.

Completion information

For this computation the minimal resolution was constructed out to de-
gree 16. In this degree the presentation of the cohomology ring reaches its
final form, and Carlson’s criterion detects that the presentation is complete.

This cohomology ring has dimension 3 and depth 1. A homogeneous sys-
tem of parameters is

h1 = t3 in degree 6
h2 = x3 in degree 2
h3 = v2 in degree 4

The first term h1 constitutes a regular sequence of maximal length. The two
remaining terms h2, h3 are both annihilated by the class y1.

The first term h1 constitutes a complete Duflot-regular sequence. That
is to say, its restriction to the greatest central elementary abelian subgroup
constitutes a regular sequence of maximal length.

Essential ideal The essential ideal is free of rank 1 as a module over the
polynomial algebra in h1. The free generator is G1 = y1x2 in degree 3. The
essential ideal squares to zero.

Poincaré series
1 + 2t+ 2t2 + 2t3 + t4 + t5 + 2t6 + 2t7 + 2t8 + t9

(1 − t2)(1 − t4)(1 − t6)



Epilogue

There are many possibilties for further developing the methods presented
here and performing new computations. Some are research projects in their
own right, whereas others would only take a couple of days at most. However,
the line had to be drawn somewhere for the current work.

We may draw the following conclusions:

– The new Gröbner bases for kG-modules pass the theoretical and practical
parts of the test. They provide the most powerful method to date for
constructing minimal resolutions over p-groups.

– Carlson’s completeness criterion for the calculation of cohomology rings
works just as well for p-groups with p odd as it does for 2-groups.

– There are p-groups such that some products of two essential classes are
nonzero.

Areas for future work:

– Presumably it is straightforward to generalize the Gröbner basis methods
for kG-modules to modules over finite dimensional basic algebras.

– Constructing further terms in the minimal resolution for the Sylow 2-
subgroup of the Mathieu group M24 will be difficult, as an enormous
amount of data has to be stored temporarily. Parallel computers offer one
way of distributing the storage requirements. I can think of two possi-
ble strategies for parallelizing the construction of minimal resolutions, but
their feasiblity has yet to be evaluated.

– As indicated in Remark 5.11, the calculation of product cocycles can be
speeded up by calculating preimages under the first differential d1 with a
matrix rather than by reduction over a Gröbner basis. Once this has been
implemented it must be possible to compute the cohomology ring of the
Sylow 2-subgroup of the Conway group Co3 out to degree 11.

– The storage management in the component of Diag that implements Gröb-
ner bases for graded commutative algebras can almost certainly be im-
proved. After this it might well be possible to finish off the computation
of the cohomology ring of the Sylow 5-subgroup of the Conway group Co1.
It is the complexity of the relations ideal that has prevented a complete
computation up to now.

D.J. Green: LNM 1828, pp. 131–135, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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– By Duflot’s Theorem, the p-rank of the centre Z(G) is a lower bound for
the depth of the cohomology ring H∗(G). For groups of small order, this
lower bound is attained noticeably more often if p ≥ 5 than for p = 2, 3.
For groups of order p3 there is one counterexample for each of p = 2, 3 but
none for p ≥ 5. For groups of order p4 there are three counterexamples for
each of p = 2, 3 but none for p = 5. However, the wreath product group
Cp �Cp of order pp+1 always has depth exceeding Duflot’s lower bound [22].
It would be useful to have a group-theoretic description for depth.

– The current method for identifying a homogeneous system of parameters
must be improved. Ideally one wants a system of low total dimension, which
contains a regular sequence of maximal length. The paper [38] provides one
way to implement these criteria using restriction information.

– We have not discussed the extent to which the choice of minimal generating
set for the p-group G affects the performance of the construction of the
minimal resolution. Experience shows however that the implications of this
choice can be very great. One minimal generating set for the Sylow 2-
subgroup of the Mathieu group M24 was successfully used to compute the
minimal resolution out to the 9th term, whereas another did not even allow
the construction of the 6th term.

– There are 2328 groups of order 128. With only a few exceptions it is prob-
ably possible to compute the cohomology ring of any one of these groups.
But computing all 2328 cohomology rings would take a long time.

– Benson conjectures in [9] that the Castelnuovo–Mumford regularity of
H∗(G) is always zero, and proves this when the cohology ring has Cohen–
Macaulay defect – that is, dimension minus depth – at most two.

To date, no defect three cohomology rings seem to have been calcu-
lated. The methods used in Diag for computing the homology of the Koszul
complex are described in §6.4 and assume that the defect has been proved
to be at most two. Carlson has shown [19] that the cohomology ring of
each group of order 64 has defect at most two. By contrast, if G is small
group number 52 of order 128, then H∗(G) does have defect three. This is
because G has p-rank four, its centre has rank one, and there is an essential
class in degree four. So computations for groups of order 128 will provide
the first serious test of the regularity conjecture.

– In the same paper [9], Benson also puts forward a new completion criterion,
which it would be good to test.

– We could probably compute the cohomology rings of most of the 67 groups
of order 243. But the extraspecial group 31+4

+ of exponent 3 will cause prob-
lems, as a particularly large number of terms of the resolution is needed.

– If G is a direct product group, then the Künneth theorem gives its coho-
mology. If G is not a direct product, then the essential ideal is free and
finitely generated as a module over the polynomial algebra generated by a
complete Duflot regular sequence [40]. This can allow one to conclude early
on that there are no unknown relations between the known generators.
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Buchberger algorithm, 3, 27, 58, 65
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– two-speed, 4, 24
Duflot regular element, 74
Duflot regular sequence, 85
– complete, 85
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elimination dimension, 60
essential class, 73
essential conjecture, 1, 98
essential generator, 73
essential ideal, 94

Gröbner basis, 3
– for a kG-module, 25
– for a right ideal in a Θ-algebra, 55
– minimal, 25, 55
– preimage, 34

Hall–Senior number, 98

inclusion ambiguity, 23
– inadmissible, 37
– resolvable, 23
– resolvable relative to ≤, 23
irreducible, 22

Jennings ordering, 19
Jennings PC-generators, 18
Jennings presentation, 19

Koszul complex, 81–82
Koszul condition, see Carlson’s Koszul

condition

minimal resolution
– key task for construction of, 4, 33
monomial ideal, 52

normal form, 3

ordering
– elimination, 33, 60
– graded lexicographical, 52
– Jennings, 19
– negative, 4
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– reverse length-lexicographic, 14
– useable, 14, 16, 51

p-rank, 5
Poincaré series, 87

r-dimension, 74
reduced form, 55
reduction-finite, 3, 22
reduction system, 22
– heady, 36
reduction-unique, 22
regular element, 84
regular sequence, 84
regularity conjecture, 132

S-polynomial
– in a module over a Θ-algebra, 64
– in a Θ-algebra, 56
– of inclusion ambiguity, 23
– of toppling, 23
Small Groups library, 89

system of parameters
– method for choosing one, 85, 132

T -reduction, 22
– elementary, 22
– – heady, 36
– – radical, 36
– radical, 36
T -reduction site, 22
Θ-algebra, 49, 51
toppling, 23
– radically resolvable, 36
– radically resolvable relative to ≤, 36
– resolvable, 23
– resolvable relative to ≤, 23
Type 1 step, 58, 65
Type 2 step, 58, 65

weakly reducible, 56
weakly resolvable, 57

y-degree, 73
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